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O ' Abstract 



\^ • We use double field theory to give a unified description of the low energy limits of 

\^ • type IIA and type IIB superstrings. The Ramond-Ramond potentials fit into spinor 



representations of the duality group 0{D,D) and field-strengths are obtained by acting 
with the Dirac operator on the potentials. The action, supplemented by a Spin+(D, D)- 
covariant self-duality condition on field strengths, reduces to the IIA and IIB theories in 
different frames. As usual, the NS-NS gravitational variables are described through the 
generalized metric. Our work suggests that the fundamental gravitational variable is a 
hermitian element of the group Spin(L',L') whose natural projection to 0{D,D) gives 
the generalized metric. 
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A Duality transformations of 5^ 

A.l GL{D) and 6-shifts 

A. 2 T-dualities 

A. 3 Example 

1 Introduction and summary 

T-duality transformations along circles of compactified type 11 superstrings show that type 
llA and type IIB superstrings are, in fact, the same theory for toroidal backgrounds of odd 
dimension (see [I] and references therein) . This naturally leads to the question of whether there 
exists a formulation of type 11 theories that makes this feature manifest. In this paper we will 
address this question, reporting on results that have recently been announced in [2]. 

The understanding of the T-duality transformation rules for the Ramond-Ramond (RR) 
fields has been the subject of many works in a number of formalisms [SHE]. Experience with 
bosonic strings, or with the NS-NS sector of type 11 superstrings, has shown that the duality 
group is 0{d, d), where d is the number of toroidal dimensions [9t[T0]. In double field theory — 
an approach to make T-duality manifest for the massless sector of string theory by doubling the 
coordinates pTHll] — it has been useful to work with the group 0{D, D), where D is the total 
number of spacetime dimensions. (See [15] for earlier work by Siegel and |16H27j for related 
papers.) Conservatively, one can focus on the elements of 0{D, D) that act only on d compact 
space dimensions. In bosonic double field theory, however, the full 0{D, D) is a symmetry when 
all spacetime coordinates are non-compact and doubled. The symmetry is manifest, acting both 
on the fields and on the coordinates. 

In an important work, Fukuma, Oota and Tanaka [28] discussed the IIA and IIB supergravity 
limits of superstrings compactified on a torus T'^. The authors verified that the dimensionally 
reduced theory arising from the RR sector contains scalars, one- forms, and higher forms, each 
of which fit into the spinor representation of 0{d, d). The kinetic operator was shown to use the 
spin representative of the familiar 0{d, d) matrix of scalar fields that arise from the metric and 
6-field components along the compact directions. The required spin representatives of 0{d, d) 
elements were discussed in the earlier work of Brace, Morariu, and Zumino [29j in their study 
of RR backgrounds in the matrix model. The relevance of 0{d, d) spinors for dimensionally 
reduced RR fields was first noted by Hull and Townsend [Ij. 

In this paper we construct the double field theory of the RR massless sector of superstring 
theory. The NS-NS massless sector is described by the same theory that describes the mass- 
less sector of the bosonic string |llfll4j . The fields are a duality invariant dilaton d and the 
generalized metric T-Lmn, that encodes the metric and 6-fields in a matrix called Ti: 

(„ij n^^h \ 

bik9 9ij - bikQ bijj 
Here M, A^, . . . = 1, . . . , 2D denote fundamental 0{D, D) indices. The double field theory action 



then takes the Einstein-Hilbert-Hke form 



S= f dxdxe-^'^n{n,d) , (1.2) 



where TZ{T-L,d) is an 0{D,D) invariant scalar. In here all fields depend on the doubled coor- 
dinates X^ = (xj,x*), and after setting 5* = the action (|1.2p reduces to the conventional 
low-energy action for the massless NS-NS fields. The action also features a gauge symmetry 
with an 0{D,D) vector parameter ^ = {S,i,0 that combines the diffeomorphism parameter 
^* and the Kalb-Ramond gauge parameter ^f. 

S^Umn = C^TiMN = fdpUMN + {dMi^ - d^iu) Upn + (%C^ - B^^n) Ump , 

1 (1-3) 

Sd = e'dMd - -dM^' ■ 

Here C^ defines a generalized Lie derivative and Om = (5*,9i). The gauge invariance of the 
action requires the 0{D,D) covariant constraints 

d^^dMA = v'^^'dMONA = 0, d'UdMB = 0, r)^^ = (^^ ^\ (1.4) 

for all fields and parameters A and B, where rj is the 0{D, D) invariant metric. This constraint 
implies that locally one can always find an 0{D, D) transformation that rotates into a frame 
in which the fields depend only on half of the coordinates, e.g., only on the x* or the xt. 

Let us now turn to the RR sector, which requires some new ingredients. The first one 
is that the RR gauge fields fit naturally into the spinor representation of 0{D,D). In the 
case of interest, the physical dimension is D = 10 and we have a spinor of 0(10, 10). The 
spinor representation of 0{D, D) of dimension 2 is real (or Majorana) and reducible. This 
dimension equals the sum of the number of components of all the forms in a D-dimensional 
spacetime. An additional Weyl condition yields two spinor representations of opposite chirality, 
each of dimension 2 , that can be matched with even and odd forms and therefore with 
the RR fields in the type II theories. The RR potentials of the IIA and IIB theories do not 
include all odd and all even forms, but duality relations can be naturally imposed on the field 
strengths to reduce the spectrum to the desired one. This 'democratic' formulation of the type 
II supergravities uses field strengths of degrees 2,4, 6, and 8 for type IIA and field strengths of 
degrees 1, 3, 5, 7, and 9 for type IIB [28]. 

The type II theories are formulated in a ten-dimensional spacetime with Lorentzian sig- 
nature. In fact, the requisite self-duality condition of type IIB is consistent only with this 
signature. A number of features arise from this choice of signature that require a careful dis- 
cussion of the relevant duality groups, in particular of the 'spin' groups that provide the double 
covers of the orthogonal duality groups. The RR fields, as mentioned above, fit into a spinor 
of 0{D, D), but the so-called 'spinor' representation of 0{D, D) is only defined up to signs. A 
true representation exists for the group Pm(D,D), which provides a double cover of 0{D,D), 
or for the group Spin(L', D), which provides a double cover of SO{D, D). Just like SO{D, D) is 
a subgroup of 0{D, D), Spin(L', D) is a subgroup of Pin(Z), D). Because of the double covering, 
each element in 0{D, D) has two lifts to Pin(L', D) and similarly each element in SO{D, D) has 
two lifts to Spin(L',L'). Moreover, there is a group homomorphism p : Vm.{D,D) — )• 0{D,D) 



that also takes Spin(D, D) to SO{D, D). If S is an element in Pin(D, D), then (—5) is also an 
element and both S and {—S) map to the same 0{D^ D) element under p. 

T-dualities about single circles are elements of 0{D, D) that are not in SO{D, D): they are 
represented by matrices of determinant minus one. Their lifts are transformations in Pin(Z?, D) 
that are not in Spin(Z', D) and have the effect of changing the Weyl condition of a spinor. Since 
the chirality of the spinor that encodes the RR forms must be fixed in order to write down the 
theory, the duality group is Spin(D,Z)). Calling x the spinor that encodes the RR forms we 
have the duality transformations 

Duality transformations: X ~^ -S'X) S ^ Spin(D,D). (1.5) 

In the doubled space it is natural to define a Dirac operator 

$ = 4|r^5Af = -^(r5, + r,9*), (i.e) 

where F are gamma matrices of 0{D, D). Using the Clifford algebra and the constraint (jl.4p . 
we readily verify that $$ = 0. We show that $ is duality invariant and as a result (jl.Sp implies 

$X ^ S$x. S e Spm{D,D). (1.7) 

Since is first order in derivatives, 0x is naturally interpreted as the field strength associated 
to the RR potentials, to which it indeed reduces for 9* = 0. 

Following the insights of [28] it is natural to consider the spin group representative of 71 
to discuss the coupling of the RR fields to the NS-NS fields. The generalized metric "H is a 
symmetric matrix that is also an 0{D, D) element. Since the determinant of % is plus one, 
we actually have % G SO{D,D). The group SO{D,D) has two disconnected components: the 
subgroup SO^{D,D) that contains the identity and a coset denoted by SO~{D, D). One can 
check that in Lorentzian signature Ti is actually in SO~{D,D). The associated spin represen- 
tatives are in Spm~{D,D); they are elements S and —S, such that p(±5) = Ti. It turns out 
to be impossible to choose a spin representative in a single- valued and continuous way over the 
space of possible Ti. We illustrate this with an explicit example of a closed path in the space 
of Ti configurations (i.e. a closed path in SO^{D,D)) for which forcing a continuous choice 
of representative results in an open path in Spin^ {D,D), a path in which the initial and final 
elements differ by a sign. We note that this phenomenon occurs whenever a timelike T-duality 
is employed, and therefore does not arise in Euclidean signature where 71 E SO~^{D,D) and a 
lift to SpiW^ {D,D) can be chosen continuously. 

In light of the above topological subtlety we suggest that instead of viewing Ti as the fun- 
damental gravitational field, from which a spin representative needs to be constructed, we view 
the spin element itself as the dynamical field, denoted by S G Spm~ (D,D). The generalized 
metric can then be defined uniquely by the homomorphism: Ti = p(S). The condition that T-L 
is symmetric requires that S be hermitian, S = St_ Under the duality transformation (jl.Sp we 
declare that 

Duality transformations: S ^ S' = (S^'^)^ S S^'^ S eSpin{D,D). (1.8) 



This transformation is consistent with that of the generahzed metric, namely, p{S) is an 
SO{D, D) transformation that takes 7i = p{S) to Ti' = /j(S')- 

We can now discuss the double field theory action for type II theories, whose independent 
fields are S, x &i^d d. It is the sum of the action (|1.2p for the NS-NS sector and a new action 
for the RR sector: 

S= f dxdx(e~'^^n{n,d) + -($x)^^$x). 

n = p{8), 8 e Spin- {D,D), 8^ = S . 

The RR action is quadratic in the field strengths $Xj ^-iid S is actually needed to produce the 
Hodge dual that then leads to conventional kinetic terms. The duality invariance of the RR 
action is manifest on account of (|1.7p and (|1.8p . The definition of the theory also requires the 
field strength l^x to satisfy a self-duality constraint that can be written in a manifestly duality 
covariant way, 

0X = -C-^8$x- (1.10) 

Here the charge conjugation matrix C satisfies C~^T C = (F )'. While the action is in- 
variant under Spin(D,D), the self-duality constraint breaks the duality symmetry down to 
Spin^(Z),I?). This is not unexpected since the epsilon tensor in the duality relations is only 
left invariant by the orientation-preserving transformations GL^{D) C SO^{D,D). It should 
be emphasized that the action is originally Pin(D, D) invariant. The Weyl condition on the 
spinor reduces the duality symmetry of the action to Spin(D,D). Finally, the self-duality 
constraint reduces the symmetry of the theory to Spin+(D, D). 

The RR potentials have the usual abelian gauge symmetries in which the form fields are 
shifted by exact forms. This symmetry also takes a manifestly duality covariant form. 



SxX = ^A, (1.11) 

M 
the gauge symmetries parameterized by ^^'^ requires that x transform as 



and leaves (jl.9p invariant because 0=0. More nontrivially, the invariance of the theory under 



d^X = Ax = e'dMX + ldMCNT''T''x. (1.12) 

In here we defined the generalized Lie derivative C^ acting on a spinor. To complete the analysis 
we require a gauge transformation of the gravitational field S that satisfies two consistency 
conditions: (i) together with (|1.12p it must leave the action invariant, and (ii) it must imply 
the gauge transformation (jl.3p for Ti that is required for gauge invariance of the NS-NS part 
of the action. We find that these two conditions are satisfied by 

St:S = e'^5M§+^C[F^«,C-iS]9peQ. (1.13) 

In order to evaluate the action in different T-duality frames, i.e., for different solutions of 
the constraint (II. 4p . and to compare with the conventional formulation in terms of fields like 
g and b, we need to choose a particular parametrization of the field S. We start from the 
parametrization (II. ip of the generalized metric Ti = p{§) implied by S. A spin representative 



S*-^ can then be defined locally, and we parametrize the field S by setting S = S-}{. It turns 
out, however, that once a paranietrization has been chosen in terms of g and 6, the original 
Spin(D, D) symmetry of the action cannot be fully realized as transformations of g and b since 
they change the sign of the RR double field theory action for timelike T-dualities. If the full 
Spm(D,D) is to be a symmetry we must view S as the fundamental field. A manifestation 
of the sign phenomenon is that evaluating the action in T-duality frames related via timelike 
T-dualities results in RR actions that differ by an overall sign, a result that turns out to be 
consistent with proposals in the literature. In order to explain this, let us discuss the evaluation 
of the action in different T-duality frames. 

Suppose we have chosen a chirality of x ^-iid a parametrization of S such that the theory 
reduces for 9* = to type IIA. All other solutions of (|1.4p can be obtained from this one by an 
0{D, D) transformation. For the bosonic double field theory, or for the NS-NS part of the type 
II theory, it has been shown in [13j that the action reduces in all frames to the same theory: 
the conventional low-energy action of bosonic string theory, but written in terms of different 
field variables, which are related by the corresponding T-duality transformations. In type II 
theories, however, this changes, because generally T-duality relates different type II theories to 
each other. If, for instance, the theory reduces in one frame to type IIA, we will see that it 
reduces in any other frame obtained by an odd number of spacelike T-duality inversions to type 
IIB, and vice versa. If, on the other hand, the frames are related by an even number of spacelike 
T-duality inversions, the theory reduces in both frames to the same theory, either IIA or IIB. 
We next consider the case of a frame that is obtained by a timelike T-duality transformation. 
First, let us review the status of timelike T-duality as discussed in the literature. 

If one considers the reduction of the ten-dimensional low-energy type IIA or IIB theory 
on a timelike circle, one finds that each RR p-form gives rise to a form of the same degree in 
the nine-dimensional Euclidean theory, together with a (p — l)-form, which originates from the 
timelike component. The latter form enters with the wrong sign kinetic term. Consequently, 
the timelike circle reductions of type IIA and type IIB do not give rise to the same theory in 
nine dimensions; they give two theories that differ by an overall sign in the RR kinetic terms. 
Therefore, the IIA and IIB theories cannot be T-dual on a timelike circle. It has been proposed 
by Hull that on a timelike circle the proper T-dual pairs are type IIA and type IIB*, or type 
IIB and type IIA* [30]. In the low-energy description the type IIA* and type IIB* differ from 
the IIA and IIB theories just by the overall sign of the RR kinetic terms, such that the timelike 
circle reductions of IIA and IIB*, and of IIB and IIA*, give rise to the same theory. 

If we start from a T-duality frame in which the double field theory reduces to type IIA 
(IIB), we indeed find that the same theory reduces to IIB* (IIA*) in any frame obtained by a 
timelike T-duality transformation. In summary, the manifestly T-duality invariant double field 
theory defined by (jl.Op and (jl.lOp unifies these four different type II theories in that each of 
them arises in particular T-duality frames. 

This paper is organized as follows. In sec. 2 we review the properties of the spinor repre- 
sentation of 0{D^ D) and of its double covering group. Due to the aforementioned topological 
subtleties, we find it necessary to delve in some detail into the mathematical issues. In sec. 3 
we discuss the field that is interpreted as the spinor representative of the generalized metric. 



The duality covariant form of the action and duahty relations is introduced in sec. 4, while 
their evaluation in particular T-duality frames is done in sec. 5 and 6. We conclude with a 
brief discussion in sec. 7. A number of technical proofs as well as an example illustrating the 
topological obstructions in the construction of the spin representative of the generalized metric 
are given in an appendix. 

2 0(D,D) spinor representation 

In this section we review properties of the T-duality group 0{D,D) and its spinor representation 
or, more precisely, the properties of its two-fold covering group Pm{D,D) and its representa- 
tions. Convenient references for this section are [28], [31], and |32j . 



2.1 0{D,D), Clifford algebras, and Pm(D, D) 

In order to fix our conventions, we start by recalling some basic properties of 0{D,D). This 
group is defined to be the group leaving the metric of signature (1_d, — Id) invariant. We choose 
a basis where the metric takes the form 



^ = K J > (2-1) 




and we denote it by r] or r]MN which, viewed as matrices, are equal. The indices M, N run 
over the 2D values 1,2,..., 2D. The preservation of r] implies that group elements h € 0{D, D), 
viewed as matrices, satisfy 



V 



MN 



h^ph^QTj^'Q ^ r^ = hTjh^ . (2.2) 



This implies that det (/i) = ±1. The subgroup of 0{D,D) whose elements have determinant 
plus one is denoted by SO{D,D). While the group 0{D,D) has four connected components, 
SO{D, D) has two connected components. In SO{D, D) the component connected to the iden- 
tity is the subgroup denoted as SO^{D,D). It can be shown that in the basis where the 
metric takes the diagonal form diag(l/), —'i-o), the two D x D block-diagonal matrices of any 
SO~^{D,D) element have positive determinant. The other component of SO{D,D) is denoted 
by SO'{D, D). It is not a subgroup of SO{D, D) but rather a coset of SO+{D, D). 

The Lie algebra of 0{D, D) is spanned by generators T*^^ = —T^^'^ satisfying 

\j,MN rj^KLl _ MK rpLN _ NK j^LM _ ML rpKN , NL rj,KM ^2 3) 

Any group element connected to the identity can be written as an exponential of Lie algebra 
generators, 

/i% = [exp(iApQr^Q)]%, (2.4) 

where 

^j.MN^K^ = 2r?^[^^5^1i , (2.5) 

is the fundamental representation of the Lie algebra (12. Sp . We use the anti-symmetrization 
convention X[mn] = ^{^mn - Xnm)- 



We turn now to the spinor representation of 0{D,D) and to the groups Spm{D,D) and 
Pm{D,D), whose properties will be instrumental below. The (reducible) spinor representation 
of 0{D, D) has dimension 2 and can be chosen to be real or Majorana. Imposing an additional 
Weyl condition will yield two spinor representations of opposite chirality, both of dimension 
2 . These can be identified with even and odd forms and thus with the RR fields in type II. 

To begin with, we introduce the Clifford algebra C{D,D) associated to the quadratic form 
ry ( •, •) on M^^. With basis vectors Tm, M = 1, . . . , 2D, we have 

VMN = ri (Tm, Tn) = ( | . (2.6) 

The main relation of the Clifford algebra states that for any V G M^ 

V-V = n{V,V)l, (2.7) 

where 1 is the unit element and the dot indicates the product in the algebra. This algebra is 
generated by the unit and basis vectors Tm- Writing V = V^^Tm, substitution in (j2.7p gives 



{Ta/ , r^v} = Tm ■ Tn + Tn ■ Tm = 2 timn ■ (2.8) 

Using the quadratic form r]MN and its inverse r] to raise and lower indices, we can write 
arbitrary vectors as V = V Tm = ^/T , which then allows to write (j2.8p with all indices 
raised. 

An explicit representation of the Clifford algebra (and below of the Pin group) can be 
conveniently constructed using fermionic oscillators ■0* and •(/'«) ^ = Ij • • • ) -D, satisfying 

{V'i,vn = 'J^^ {Vi,V'i} = o, {^^v.i} = o, (2.9) 

where 

{^i)^ = ^' ■ (2.10) 

Defining 

r, = ^^i , r^ = ^^' , (2.11) 



the oscillators realize the algebra (12. Sh . Spinor states can be defined introducing a Clifford 
vacuum |0) annihilated by the ■0i for all i: 

t/;i|0)=0, Vi. (2.12) 

From this, we derive a convenient identity that will be useful below, 

V'jV*'---V'*lO) = p(5/*iV''---V'*^'|0) . (2.13) 

A spinor x in the 2 -dimensional space can then be identified with a general state 



^ 1 



p=0 



where the coefficients are completely antisymmetric tensors. Thus, there is a natural identifica- 
tion of the spinor representation with the p-forms on M . We define (0| to be the the 'dagger' 
of the state |0) and declare: 

(0|0) = 1. (2.15) 

For more general states, 

(V'^...V'lO))t = (0|V^,...^i, . (2.16) 

We work on a real vector space, so the f operation does not affect the numbers multiplying the 
vectors. In the notation where dagger takes \a) to {a\ and vice versa, we can quickly show that 
{a\b) = {b\a). We see from these definitions that in the spinor representation (F*)^ is indeed 
equal to Fj. Since all matrix elements are real, the dagger operation is just transposition. 

Let us now turn to the definition of the groups Spm{D,D) and Pm(D,D), which act on 
the spinor states. These groups are, respectively, double covers of the groups SO{D,D) and 
0{D,D). To describe these groups we need to introduce an anti-involution * of the Clifford 
algebra C{D,D), which is defined by 

{Vi-V2...- VkT = {-!)'' Vk-...V2-Vi. (2.17) 

Note that for any vector V in M^ , V* = —V. For arbitrary elements S,T of the Clifford 
algebra one has (5 + T)* = S* + T* and {S ■ T)" = T* • 5*. The group Fm{D, D) is now defined 
as follows: 

Pin(Z), D) := {S G C{D, D)\S-S* = ±1, F G M^^ ^ S -V ■ S'^ G M^^} . (2.18) 

The first condition implies for all group elements that S* is, up to a sign, the inverse of 5. The 
second condition indicates that acting by conjugation with S on any vector V G M^^ results 
in a vector in M^^. One readily checks that S G Pin(Z),D) implies S** G Pin(Z),Z)). In what 
follows we will omit the dot indicating Clifford multiplication whenever no confusion can arise. 
We finally note that the Lie algebras of 0{D,D) and Pm{D,D) are isomorphic, and in spinor 
representation the generators are given by 

which satisfy (j2.3p . 

Next, we define a group homomorphism 

p: Pm{D,D)^0{D,D), (2.20) 

with kernel {1, —1}, that encodes the two-fold covering of 0{D,D). It is defined via its action 
on a vector V G M."^^ according to 

p{S)V = SVS-^ . (2.21) 

It is easily seen that this is a homomorphism, i.e., for arbitrary Si, S2 G Pin(D,D) 

p{SiS2) = p{Si)p{S2) . (2.22) 



Moreover, p indeed maps into 0{D,D), for it preserves the quadratic form, 

ri{p{S)V, p{S)V) 1 = i]{SVS~\SVS'^)l = SYS'^ ■ SYS'^ 

(2.23) 
= S-{Y-Y)-S-'^ = S-1- S-^r]{Y, Y) = rj {Y, Y) 1 , 

where the Chfford algebra relation (j2.7p has been used. Finally, p is surjective, i.e., for any 
h G 0{D, D) there is an Sh G Pin(L', D) such that p{Sh) = h. More precisely, by the two-fold 
covering, both Sh and —Sh are mapped to h under p. 

The map p can be written in a basis using Y = Y'^^Fm for the original vector and Y' = 
Y' Tm, with Y' = h^ nY^ , for the rotated vector, where h^ n is an 0{D,D) element. 
With this, the map in (j2.2ip becomes 

p{S)Y = Y' = SYS~^ -^ h^^NY^TM = SY^TmS^K (2.24) 

Relabeling and canceling out the vector components we find 

STmS-^ = TNh^M ■ (2.25) 

Here p{S) = h, and h — with matrix representative h ^ — is the 0{D, D) element associated 
with S. We rewrite the above equation by raising the indices. Using the invariance property 
VMN{h-TK = riKNh^M, we find 

Sr^'S-' = (/i-^)%r^. (2.26) 

Rewritten as h^^^SF^ S~^ = F^ , this is the familiar statement that gamma matrices are 
invariant under the combined action of Pin(L', D) on the spinor and vector indices. 

Let us now turn to the definition of the subgroup Spin(D, D) of Pin(L', D). It is obtained if 
in (|2.18p we have S £ C{D,DY^^'^, which is the Clifford subalgebra spanned by elements with 
an even number of products of basis vectors. In this case the homomorphism p above restricts 
to a homomorphism 

p: Spin(D,D)^50(L>,L»), (2.27) 

with kernel {1,-1}. If, in addition to restricting to C{D,Dy^'^^, the normalization condition 
is changed to SS* = 1, the resulting group is Spin+(D, D) and p would map to SO^{D, D). 

Let us consider a set of useful elements S of Pin(L',L'). We write the elements using the 
oscillators V'i and '(/'*|j 

S, = e-5^-'^''^^' , 

Sr = -jL= e^^^^'''f'^ , (r = in^) = e^^' G GL+[D)) , (2.28) 

vdetr 

Si=i^' + ^i, (i = l,...,D), 

where GL^{D) is the group of DxD matrices with strictly positive determinant. It is instructive 
and straightforward to verify that the first condition in (j2.18p holds. Noting that (e^)* = e^ 
we have 

(SbT = e-i''^-^^'^' = e^^'^^'^' = {Sby^ . (2.29) 



^Here we are closely following [28] with a slightly different notation. 
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We note that Sb G Spin'^ {D,D). For Sr we have 



1 .;,.R-i,/.i 1 _^»/j^j^^.+ijj.fc 



(5,)* = -^=e , 

V det r V det r 

^ ^ g -■</>" iJ,^VjgtriJ ^ ^^^^ ^-i,'RiHi (2.30) 

vdetr vdetr 

= \/d^e-'^'^»''^^' = [SrY^ , 

which imphes that 5,. is in Spin+(L',D). Since Si is hnear in gamma matrices, S* = —Si. We 
thus have 

SiS* = -SiSi = -{iP' + ^l^iW + V'i) = -V'Vi - ^i^' = -1 • (2.31) 

It follows that Si G Pin(D,D), while even powers of the Si are in Spin(L',L'). 

Using the definition ()2.2ip we can calculate the 0{D,D) elements associated with these 
Spm{D,D) elements. For this we expand (|2.25p to find 

SFiS = T^h i + r hki' 



(2.32) 
S-' = Tkh^ + Vkk', 

and we build the h matrix as follows 

/.%=(''"'" '"V (2.33) 



srs-^ = Tkh'^' + r'^hk' 



Applying the above to (I2.28P one finds the 0{D, D) matrices associated to the Pin elements: 
hb = p{Sb) = r ~^\ , b^ = -b, (2.34) 

hr ^ piSr) = r (/i)t) ' rGGL+{D), (2.35) 

hi = p{Si) = - * * , {ei)jk = 5ij6ik , {i = l,... ,D) . (2.36) 

y -ei 1 - eij 

The group elements hb, hr and even powers of the hi generate the component SO^{D, D) 
connected to the identity. It is convenient to also record that 

p(.i'.**) ^ (j ») , P(*'-*)--(^:;' ,!j. P^37, 

We note that (|2.35p provides an embedding r — )■ /i^ of GL^{D) into SO^{D, D), preserving 
the group structure, 

hr hs = hrs , (2.38) 

and thereby, via (j2.28p . an embedding into Spm^{D,D). In order to represent GL^{D,D) 
in Spm{D,D), we note that this group can be identified with the coset GL^{D)h^, with an 
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arbitrary /i_ G GL [D). An example for such an element /i_ is given by the transformation 
that changes the orientation in one direction, and for this we consider: 

\ Cj l-eij y -Ci I- Cij y 1 - 2eij 

where we used (j2.36p and (j2.37p . This shows that 

p{ip^ ipi — ipiip^) = /i_ = diag{ki,ki) , z not summed , (2.40) 

with the diagonal D x D matrix ki = diag(l, ...,— 1,...,1) that has a —1 in the i-th diago- 
nal entry. We will use this result below to define a spinor representative of a metric g with 
Lorentzian signature. 

2.2 Conjugation in Pin(D, D) 

We turn next to the definition of the charge conjugation matrix. The charge conjugation matrix 
C can be viewed as an element of Pin(L',L') in general and as an element of Spin(D,I?) for 
even D. It is defined in terms of the oscillators by 

^ ^ i C+ ^ {^P^+^,)(^P^+^P^)...{^I^+^J,), if D odd, 

\C = (V'1-Vi)(V'^-V'2)---(V'^-V'd), if I) even. ^ ' ^ 

Noticing that with i not summed {tp^ it V'i)('0* =t ■0j) = ±{■0* ,tpi} = ±1 , simple calculations 
show that 

C+{C+y = (-1)^ , C-{C-)* = 1 . (2.42) 

It is useful to note that the charge conjugation matrix is proportional to its inverse, 

C-i = (-I)^(^~i)/2C. (2.43) 

Since C and C~^ just differ by a sign, all expressions of the form C . . . C~^ can be rewritten as 
C~^ . . .C. It is straightforward to show that 



(2.44) 



c+Vi(c+)-i = -(-i)^v^ , c+^i;\c+)-^ = -(-l)^v^ , 

C7_V.(C7_)-i= (-l)V, C.i,\C.)-^= (-1)^V». 
It then follows from ()6.4ip that in all dimensions 

Ci^iC-^ = i;\ Ci)'C-^ = Vi • (2.45) 

As ^* = (V'i) ) these relations can be written in terms of gamma matrices as follows 

(^pM^-i^(pA/)t^ or C7^MC-l = (^M)^ (2.46) 

Introducing the 0{D,D) element 

j: = j. (J J) . (247) 

12 



we can use (j2.25p to write the second equation in ()2.46p as 

C Tm C-^ = Tn (p(C))^m = (Fm)^ = TnJ^m ■ (2.48) 

We thus learn that 

p{C) = J. (2.49) 

Since C and C~^ just differ by a sign, p{C~^) = J and equation ()2.46p also implies that 

^-ipM^ = (rA'^)t . (2.50) 

More generally we define the action of dagger by stating that 1^ = 1, and that on vectors 
V dagger is realized by C conjugation: 

V^ = CVC-^ = JV . (2.51) 

On general elements of the Clifford algebra we define dagger using 

{Vi-V2-...-Vn)^ = V^-... ■ V^ ■ Vl , (2.52) 

so that for general elements (^i • 5*2)^ = S'g • S"}. A short calculation gives 

C^ = C~\ (2.53) 

It is straightforward to verify that S G Pm{D,D) implies S^ G Pin(L',L'). It is then natural 
to ask how the homomorphism p behaves under the dagger conjugation. 

To answer this and related questions it is convenient to describe the dagger operation in 
C{D, D) in terms of C conjugation and the anti-involution r defined by 

r(Vi • ^2 • . . . • K) = K • . . . • ^2 • Vi , (2.54) 

which satisfies t{SiS2) = t{S2)t{Si). Indeed, it is clear that 

S^ = Ct{S)C-\ (2.55) 

We now prove that the action of r in Pin(L',L') maps under p to the inverse operation in 
0{D,D): 

p{t{S)) = p{S)-' . (2.56) 

We begin with the defining relation (j2.2ip applied to S~^: 

S-WS = p{S-^)V . (2.57) 

Now take the r action on both sides. Noticing that the right-hand side is left unchanged we 
get, because for any vector t{V) = V, 

t{S)Vt{S-^) = p{S-^)V^ t{S)Vt{S)-^ = p{S-^)V 

(2.58) 

^ p{t{s))v = pisr'v, 
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thus establishing ()2.56p . It is now easy to calculate p{S') using (|2.55p . Indeed, taking p of this 
equation gives 

p(5t) = Jp{t{S))J = Jp{S)-^J , (2.59) 

where we recognized that p{C^^) = J and used (j2.56p . Recalling that 0{D,D) elements h 
satisfy hJh = J, we have h = Jh^^J. Thus the right-hand side above is simply p{S) , 
showing that 

piS^)=piSf. (2.60) 

For elements 5 of Spm{D,D), t{S) = S*, thus (|2.55p becomes 

S^ = CS''C-\ SeS-pm{D,D). (2.61) 

Using that S* = ±3-^^ for S £ Spin^(Z?, D), this implies 

5t = CS-^C~^ for S e Spm+ {D,D) , 
S^ = -CS-^C-^ for S e S-pm-{D,D) . 
In particular, for the spin generators Sb and Sj- we get 



(2.62) 



sl = cs^^c-^ 



(2.63) 



Cff /^ Q — 1/^—1 

Since T{Si) = Si, for the final generator we have 

sj = CSiCK (2.64) 

2.3 Chiral spinors 

We close this section with a brief discussion of the chirality conditions to be imposed on the 
spinors. To this end it is convenient to introduce a 'fermion number operator' Np, defined by 

Nf = Y, VVfc • (2.65) 

k 

It acts on a spinor state that is of degree p in the oscillators as follows 

■ (2.66) 

= Yp^a,..,^^|;''6kH''■■■^''^\0) = P\x)p, 

k 

where (j2.13p has been used. Thus, acting with (—1)^^ on a general spinor state (j2.14p . one 
obtains 



(-1)^"X = X](-1)^^Q,„,,,^^^...V^-|0) . (2.67) 



p=0 
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We conclude that the eigenstates of (—1)^ consist of a x that is a hnear combination of only 
even forms, with eigenvalue +1, or of a x that is a linear combination of only odd forms, with 
eigenvalue —1. Given an arbitrary spinor x, one can project onto the two respective chiralities, 

X± = ^(1±(-1)'^^)X => (-1)'^^X± = ±X±. (2.68) 

Then x+ has positive chirality, consisting only of even forms, and X- has negative chirality, 
consisting only of odd forms. The operator ( — 1)^ is the analogue of the 7^ matrix in four 
dimensions. 

Finally, we note that the chirality is preserved under an arbitrary Spin(L), D) transforma- 
tion. In fact, since the group elements of Spin(L), D) contain only an even number of fermionic 
oscillators, they map even forms into even forms and odd forms into odd forms. In contrast, a 
general Pin(D, D) transformation can act with an odd number of oscillators and thereby map 
spinors of positive chirality to spinors of negative chirality and vice versa. Thus, when fixing 
the chirality, as for the action to be introduced below, we break the symmetry from Pin(D, D) 
to Spm{D,D). 



3 Spin representative of the generalized metric 

In this section we discuss the spin representative 5-^ of the generalized metric T-Lmn- We deter- 
mine its transformation behavior under gauge symmetries and T-duality. More fundamentally, 
we will adopt the point of view that 5-^ is just a particular parametrization of the fundamental 
field S. 

3.1 The generalized metric in Spin(D, D) 

We take the fundamental field to be S, satisfying 

S = S^ S G Spin-(D,Z)) . (3.1) 

The generalized metric T-Lmn will then be defined as 

n = p{E) => rF = /)(s^) = n, n £ so-{d,d). (3.2) 

Moreover, we constrain Ti and thereby S by requiring that the upper-left D x D block matrix 
encoding g~^ has Lorentzian signature. An immediate consequence of ()3.ip follows with (j2.62p 

S = gt = -CS-^CK (3.3) 

Equivalently, recalling that C = ±C^^, 

SCS = -C. (3.4) 

It is also possible to adopt the opposite point of view, i.e., to take the group element Ti as 
given and then determine a corresponding spin group representative S-u as a derived object. 
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However, as we will discuss in more detail below and in the appendix, this cannot be done 
in a consistent way globally over the space oi %. In the following we first determine a spin 
representative Sy_ locally from T-L, but we stress that this should be viewed as just a particular 
parameterization of § — in the same sense that the explicit form of T-Lmn in terms of g and h 
is just a particular parametrization of T-L. 

We start by writing the 0{D, D) matrix T-Lmn as a product of simple group elementsp 



« = L",-, _"".:,.! = i: ?) (":" "i \\ :') - "fv."- p.5) 
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1 




-g-'b 


bg- 


-1 


g- 


- bg-^b 



6 1/ \ gl \0 1 ' ^ ' 



The matrices defined in the last equation are analogous to the matrices defined in (j2.34p and 
(j2.35p . More precisely, this is true for hh while for hg (or hg-i = hg^) eq. (|2.35p is only valid 
if g has euclidean signature, because then g G GL^{D). Here, however, we assume that g has 
Lorentzian signature ( — !-•••+)• Accordingly, Ti is indeed an element of SO^{D, D). 

In order to find the corresponding spinor representative for hg and thereby for %, it is 
convenient to introduce vielbeins in the usual way, 

gij = ei^'ej^kais, Kp = diag(-l, 1, . . . , 1) , (3.6) 

where a, /3, . . . = 1, . . . , -D are flat Lorentz indices with invariant metric /c^^. In matrix notation, 
we also write 

g = eke^ . (3.7) 

We can choose e to have positive determinant, and thus its spin representative can be chosen 
to be Se as defined in ()2.28p . Using ()2.40p . the spin representative of dia,g{k,k) can be taken 
to be 

Sk = V'Vi - V'lV'' , (3.8) 

where the label one denotes the timelike direction. We note that 

Sk = Sl = S^' = -Sl. (3.9) 

Since SkS^ = —1, we confirm that Sk G Spin^(D,Z)). 

Thus, we can choose the spinor representative of g to be 

Sg = SeSkSl = ^^e^'^^'^^iij'^Pi-iJii;')e^'^^^^^'^^ , (3.10) 

det [e) 

where Cj" = ex.-p{E)i°', and we used {E^)i^ = Ej^. From its definition it follows that 

Si = Sg. (3.11) 

Similarly, 

SZ^ = {S-^)^SkS^^ = detee-^'(^^)''^^(V'Vi-V'iV'^)e"'^'^''^^' • (3.12) 



We note that our conventions differ slightly from those in [14] in that what we denote by H has been denoted 
H'^ there. All other conventions, however, are the same. 
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We note that Sg is an element of Spin {D, D) because it is the product of 5^ G Spin {D, D) 
times elements of Spin^(D,D). From this and (j2.6ip we also infer that 

Sl = Sg = CS*C-^ = -CSg^C-^ . (3.13) 

We can finally define the element Sy^ of Spin(L), D) as follows 

Sn = sl Sg^ Sb = e^''^^^^^^ S-^ e-^^^^^'''i'' . (3.14) 

Using p. lip we infer that 

si = Su. (3.15) 

By construction, the image of S-y under the group homomorphism p is precisely %: 

p{Sh) = p{SkY p{Sg^)p{S,) = hlh-^h = n . (3.16) 

Since Sh,Sl GSpin+(D,D) and S~^ G Spin~(L', Z?), we have S-y G Spin^(D,D). As a result, 
S-}{ satisfies the identities (j3.3p and (j3.4p and therefore gives a consistent parametrization of S. 



The flat Minkowski background g = k with zero 6-field gives a generalized metric that we 
denote as T-Lq = diag(A;, k). Since Sg = Sk and Sb = 1, we have 

Sho = Sk^ = Sk = V' Vi - V'lV'' • (3.17) 

3.2 Duality transformations 

We discuss now the transformation behavior of S under some arbitrary element S G Pin(D, D). 
Since we view § as an elementary field we can postulate such a transformation. The transfor- 
mation of §, however, must be consistent with the transformation of the associated Ti = /?(§). 
Writing also Ti' = p(S'), we want to postulate a transformation for which 

S ^ S' implies n ^^ n' . (3.18) 



In words, the 0{D,D) transformation p{S) associated with S G Pin(L',L') relates the corre- 
sponding generalized metrics. The generalized metric appears explicitly in the NS-NS action. 

Recall that under an 0{D,D) transformation h the generalized metric transforms as 

-H'mn = npQih-YMih-'f^. (3.19) 

In matrix notation, we will write 7i transformations as follows: 

-U' = hoH = {h^Y 'H h-^ ■ (3-20) 

For an element S G Pin(L',L') we postulate the following S transformation: 

S'(X') = (5-i)tS(X)5-i . (3.21) 
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Here X' = hX, where h = p{S). The compatibihty with (j3.20p is verified by taking p on both 
sides. Suppressing the coordinate arguments, we indeed find 

n' = p(s') = p{{s-')^§s-') = p{is-')^)p{s)pis-') 

(3.22) 
= {p{S)-Y 'H piS)-^ = {h-^fUh-^ = hoU. 

We infer that H' satisfies (1320]). 

Independently of the postulated transformation rule ()3.2ip , we can ask how Sy, , defined in 
()3.14p in terms of % , transforms under a duality transformation generated by an element S £ 
Fm{D,D). This transformation is simply given by 

S : Sn ^ Sw, where 'H' = p{S)o'H. (3.23) 

It is of interest to compare 

{S-y SnS-^ ^^ Sw ■ (3.24) 

Under p they both map to %' , thus the two can be equal or can differ by a sign. Perhaps 
surprisingly, there is a sign factor that depends nontrivially on p{S) and on %. We will write 

{S-ySnS-^ = a^^smS^^s)on- (3-25) 

In the remainder of this section we determine this sign factor. 

The case of zero b field and flat Minkowski background, T-Lq = diag(/c, k), is readily analyzed. 

-I 4- 

We consider a factorized T-duality hi with spin representative Si = ip''- + '4>i = S^ = S^ . Under 
this transformation T-Lq remains invariant, since it corresponds to a diagonal metric with entries 
of absolute value one. We then have, using (|3.17p . 

{Sr^)^SnoSi' = (V^ + Vi)(V'Vi-V'iV'')(^' + V'.). (3.26) 

It is manifest that the right-hand side is equal to S-^p when i 7^ 1, and a small calculation shows 
that is equal to — S'-Ho when i = 1: 

{S-')^Sn,Sr^ = i-l)'-^ Sn,. (3.27) 

We see that the sign is negative for a timelike T-duality, while the sign is positive for spacelike 
T-dualities. 

There is a large set of 0{D,D) transformations h for which the sign in (j3.25p is plus. As 
we show in the Appendix 

iS^^)^SHS^^ = +ShoH, when /i G GL(D) x M3^(^-i) . (3.28) 

The group GL{D) x M2^(^~^) is that generated by successive applications of GL{D) trans- 
formations and 6-shifts, transformations hf, of the form indicated in (|2.34p . which define the 
abelian subgroup M2-^'^~^). 

It is the T-dualities that produce sign changes. We therefore consider the sign factor in 

(5ri)t5^5ri = ai{n)Sh^on- (3-29) 
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As we can see, the sign factor depends on the particular % appearing on the left-hand side 
above. Our strategy in Appendix IA.2I is to determine 0{D,D) transformations h that acting 
on Ti do not change the sign factor. We will show that if /i G GL{D) k M2^(^~i) and hihhi G 
GL{D) ><M5^(^-i), then 

a^{hon) = a^{n). (3.30) 

It turns out that 6-shifts satisfy the above conditions. Since at any point X the 6-field of an 
% can be removed completely by a 6-shift, we learn that the sign factor depends only on the 
metric g inT-L: 

'Jii'H) = (Ji{g) . (3.31) 

We then find a restricted class of GL{D) transformations that also satisfy the conditions for 
invariance of the sign factor. With these we are able to show that the metric g can be put in 
diagonal form, with entries ±1. The sign factor then becomes calculable, just like we had for 
the case of T-Lq. Our final result is: 

aiin) = sgn{gu). (3.32) 

It follows from this equation that for the flat Minskowski metric the duality transformation 
J about all of the spacetime coordinates gives the sign factor: crjiTio) = — 1. At the end of 
Appendix IA.2I we prove that this result holds for a general background Ti whose metric has 
Lorentzian signature: 

ajin) = -l. (3.33) 

It is possible to give some intuition for the appearance of the minus signs under duality 
transformations. For more details see Appendix lA. 31 where an example is worked out as well. 
Since a sign cannot change continuously, ai{Ti + STi) = (Ji{'H) as long as the variation ST-L does 
not generate singularities in the fields (g, h) or their T-dual versions hio{g, h) in equation (j3.29p . 
Consider now a continuous family T-L{a) parameterized by a in which the metric component 
gii{oi) changes sign at some point a* . Consider also the related family hi o %[a) obtained by 
T-duality about the i-th direction. Under this duality the new metric, indicated by primes, is 

g'ii{<^) = ^^- (3.34) 

It follows that g[^ diverges and is discontinuous at a = a* . Note, however, that the generalized 
metric hi oT-L{a) is regular throughout, since it is obtained from the regular T-L[a) by the action 
of the regular matrix hi . The discontinuity of g[^ implies a discontinuity in the vielbein e' and 
a discontinuity in Sgi = Se'SkS\,. This results in a discontinuity of S/i .o-^(q.) • Since hi o%{a) is 
continuous, the only discontinuity in Sh-oy^/a) consistent with the homomorphism p is a change 
of sign. The right-hand side of (j3.29p changes sign at the point where the original metric 
component changes sign. This is consistent with our result (j3.32p . 

The issues of signs are not an artifact of our definition of S-y. In Appendix lA.3l we construct 
a continuous family of regular generalized metrics 'H{a) for which ^(0) = T-l{Tr/2), so that 
Ti{a) with a G [0,7r/2] is a closed path in the space of generalized metrics. If we define the 
representative £'•^(0) ^^^ then continuously deform this representative along the path we find 
that at the end of the path the representative is — 5^(o)- The lift to the spin group cannot be 
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done continuously over the space of generalized metrics. If we do the lift using our definition of 
S-}i from T-L we find that for some intermediate a the metric g{oi) and the 6-field h{a) become 
singular, while T-L{a) remains regular. At this point the definition of S-}i gives a discontinuity. 

There seems to be some tension between the defined duality transformation of S in (j3.2ip . 
which has no signs, and the duality transformation (|3.25|) of its particular parametrization 
S->^, which shows some signs. The sign- free transformation of § implies that the double field 
theory action is fully invariant under all duality transformations, including those, like timelike 
T-dualities, that give a sign in (j3.25p . Once we choose a parametrization by setting S = 5-^, the 
sign factors in (|3.25p have two consequences. First, it follows that the Spin(Z), D) invariance of 
the action cannot be fully realized through transformations of the conventional fields g and b. 
More precisely, it can only be realized for SO{D,D) transformations that do not involve a 
timelike T-duality. This means that if we take timelike T-dualities seriously, we inevitably have 
to view S as the fundamental field. Second, when comparing the double field theory evaluated 
in one T-duality frame (as 9* = 0) to the same theory evaluated in another T-duality frame 
obtained by a timelike T-duality transformation (as di = 0), the conventional effective RR 
action changes sign. This sign change corresponds precisely to the transition from type II to 
type II* theories expected for timelike T-dualities. Correspondingly, the freedom in the choice 
of parametrization for S, namely iSy,, has no physical significance in that it merely fixes for 
which coordinates {x or x) we obtain the type II and for which we obtain the type II* theory. 
Similarly, the actual sign of the RR term in the double field theory action (jl.Op has no physical 
significance. Therefore, we find a consistent picture, though certain invariances of the action 
cannot be fully realized on the conventional gravitational fields. 

3.3 Gauge transformations 

In this section we determine the gauge transformation of the spinor representative § in such a 
way that it us consistent with the known gauge variation of the generalized metric %mn- This 
variation, given in ()1.3p . can be rewritten as: 

s^n^ip = ^dL-H^'p + {d^'iK - dKe') n^'p + {dp^ - s^ep) -W^'k , (3.35) 

where we used that the metric tjmn that lowers indices is gauge invariant. We have positioned 
the indices of the generalized metric as in Ti', to emphasize its role as an 0{D,D) group 
element. We also recall that %^^ k'H^ n = ^'^^ N- The matrix % used so far represents %,». 

It turns out to be convenient to write the gauge variation in terms of the spin variable tC 
defined by 

/C = C-^^. (3.36) 

This combination will be used to prove the gauge invariance of the action in section [4.2.2[ While 
S is a spin representative of %,,, we now check that /C is the spin representative of %' ^. Indeed 
recalling that p{C~^) = J with J defined in (|2.47p . we have 

p(]C) = p{C-^)p{^) = ,]%„ = %',, (3.37) 

since J is identical to the matrix 7y~^ that raises indices. We write this conclusion as 

5«.. =±/C. (3.38) 
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We will show that the gauge transformation of /C compatible with that of %' , takes the form 

h^ = C^'dMJC + \ [r^«, /C ] dpiQ , (3.39) 

where F *^ = 2[r ;r'^]. We will prove the above in a different but equivalent form, which 

6^IC = i^'duK, + \ (r^Q - r«^ U^'k n^s) /C Op^q . (3.40) 

This, in turn, can be written more suggestively as 

(5^/c)/c-i = ^^^(aA//c)/c-i + i(r^«-r^^?^^R-?^S)9peQ. (3.4i) 

To see that (j3.40p is equivalent to (|3.39p we use that (|2.25p implies for any h G 0{D, D) 

STpqS-^ = Tpsh'^ph^Q, p{S) = h. (3.42) 

Specialized to the 0{D,D) element T-L n this yields 

Sw. TpQ [S-H'.r^ = ^RS n'^p n'^Q , (3.43) 

and with use of (j3.38p we find 

KTpqK-^ = TrsU^p-H^q -^ /Cr^^ = T^^ n^ R-H^ s IC . (3.44) 

This final identity demonstrates the equivalence of (|3.4Up and (|3.39p . 

The strategy in our construction will be to express the gauge transformations as Lie algebra 
identities that can be realized both in the fundamental and spin representations of 0{D, D). To 
begin, we consider the transport term 6i in the transformation (j3.35p of the generalized metric, 
written as follows 

{6ln^'p){n-YN = ^"-dLn'^pin-YN. (3.45) 

This equality of Lie- algebra elements is here realized in the fundamental representation. In the 
spin representation, where the group element Ti', is represented by /C we would have 

(4/C)/C~^ = i^{dLlC)]C-^ . (3.46) 

This proves that the transport term in (|3.40p is required by consistency. Calling A^T-L p the 
non-transport terms in the transformation, we now have 

A^n^'pin-YN = A^n''pn''N 

= {d^'^N - dNe') + {dp^'' - d''ip)n^'Kn''N (3.47) 

where the last equality is readily checked by expansion of the product. We now recognize the 
last factor in the last line of the above equation as (T^^)'^^ n, the Lie algebra generator in the 
fundamental representation, as introduced in (j2.5p . We thus have 

A^n^'p {U-Yn = [dp^Q - dp^s n^'p n'o) {T''<^)'\ ■ (3.48) 
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Passing to the spin representation with matrices (j2.19p we find 

(3.49) 

This coincides exactly with the non-transport term in (|3.41|) and concludes our proof that the 
postulated gauge transformation (|3.39|) of K, is consistent with that of the generalized metric. 

4 Action, duality relations, and gauge symmetries 

In this section we introduce the 0{D,D) covariant double field theory formulation of the RR 
action and the duality relations. We prove T-duality invariance and gauge invariance, and we 
determine the 0{D, D) covariant form of the field equations. 

4.1 Action, duality relations, and 0{D,D) invariance 



The dynamical field we will use to write an action is a spinor of Pin(D, D) written as in (j2.14p : 

D 



^ 1 

X ^ \X) = j;-Q,...,^^^i...V*-|0). (4.1) 



p=0 



Here the component forms Ci^,,,i^{x,x) are the dynamical fields and, as is usual in double field 
theory, they are real functions of the full collection of 2D coordinates x and x. We will assume 
X to have a definite chirality. Thus, as discussed in sec. 12.31 it consists either of only odd forms 
or even forms. The bra associated with this ket is called x^ ^"^^ is defined by 



x' - 



^^1 = E^^n...v(0|^^,...V'n- (4.2) 

We conventionally define the conjugate spinor using the C matrix defined in section 12.21 

X ^ X^C . (4.3) 

We will make use of a Dirac operator on spinors that behaves just as an exterior derivative on 

the associated forms: 

$=^ T^'Om = ^'di + i^id' , (4.4) 

v2 

where we used (|2.1ip . The ^ operator behaves like the exterior derivative d in that its repeated 
action gives zero: 

f = ^r^r^SM^^ = \{T^',T''}dMdN = Iv^'^'dMdN = 0, (4.5) 

by the constraint p.4p . The operator will be used to define field strengths in a Pin{D,D) 
covariant way. It is clear that acting on forms that do not depend on x, the only term that 
survives, ip'^di, both differentiates with respect to x and increases the degree of the form by one. 
More details will be given in section [5j 
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We turn now to a discussion of the double field theory action. We claim that the RR action 
is S* = J dxdxC, where the Lagrangian density C is simply given by 

C = ^{0x)^S$x- (4.6) 

The above Lagrangian is manifestly real: C) = L because the spinor x is Grassmann even and S 
is Hermitian. The Lagrangian can be written using conjugate spinors and the kinetic operator 
/C = C~^S. We claim that the above Lagrangian is equal to 

£ = iaMxr^'/cr^a^x- (4.7) 

o 
Indeed, using the conjugate spinor (j4.3p and (j2.46p this second version is written as 

^ = \dMX^CT^'C-^^^$x = ldMxH^''y^^^^X 

(4.8) 

= ^V2{0x)^8V20x = \{0x)^S$x- 
The properties of bar conjugation allow us to recognize that 

J^= l={T'^dMXyC = ^dMxHr'')^C = ^dMxC-HT^')^C = ^dMXT^ , (4.9) 

and therefore we can write the action more compactly as 

C = ^0^IC0x- (4.10) 

Our first task now is to establish the global Spin(L), D) invariance of this Lagrangian (the 
dxdx measure is 0{D,D) invariant). This is the maximal invariance group that is consistent 
with the fixed chirality of x- Under the action of a Spin(Z), D) element S, whose associated 
0{D,D) element is h = p{S), the spinor field x transforms as follows: 

X^ X' = Sx- (4.11) 

Implicit in here is that the coordinates the fields depend on are also transformed: primed fields 
depend on primed coordinates X''^ = h^'^ nX^ . Note also that the daggered state transforms as 



X' -^ X 



^S^. (4.12) 



We also have that 



-^^"dMX ^^T^Hh-YMdNSx = -^S[S-'T''S]ih-YMdNX. (4.13) 



We now use (12.26P to find 



and therefore we have 



l=Sh^'pT''{h-YMdNX = ■^ST^'dNX , (4.14) 



^ S$x- (4.15) 

23 



We have thus leaned that $x transforms just Hke x- Iii other words, the Dirac operator $ 
is Spin(I?,L') invariant. Recalhng the transformation of S in (|3.2ip : S — )• (S~^Y^S~^^ the 
invariance of the Lagrangian (j4.6p is essentiaUy manifest: 

L = \{0x)^S0X ^ l{0x)^SHS-')^SS-'S0x = C. (4.16) 

The action must be supplemented by duality constraints among the field strengths. We can 
write Spin+(D, D) covariant versions of the duality relations that relate all RR field strengthsO 

0X = -IC0X- (4.17) 

According to (|4.15|) . the left-hand side transforms covariantly with S € Spin(L', D). The right- 
hand side transforms in the same way, since 

-IC0X -^ -C-\S-^)^SS-^S0x = -SC-^S0x = -SIC$x, (4.18) 

where we used that (I2.62p implies C^^{S^^)^ = SC^^ for S G Spin^(L', D). Thus, the duality 
relations are actually only invariant under Spin^(Z?, D). This is to be expected since already 
for conventional duality relations the presence of an epsilon tensor breaks the symmetry to the 
group GL~^{D) of parity-preserving transformations. 

The relations ()4.17p require a consistency condition. Acting on both sides of ()4.17p with /C, 
we see that consistency requires /C^ = 1, which in turn implies 

/C2 = C-'^SC-'^S = C{SCS) = C{-C) = -(-1)1^(^-1) = 1, (4.19) 

where we used ()3.4p and ()2.43p . Thus, the duality relations are self-consistent in dimensions for 
which \D{D — 1) is odd. For D < 10, these are 

D = {10,7,6,3,2} . (4.20) 

We note that the even dimensions above are precisely those for which conventional self-duality 
relations can be imposed consistently. Indeed, the middle degree forms corresponding to the 
self-dual field strengths are then odd, and for them •^ = 1 in Lorentzian signature. As we 
will show in sec. 15.1.31 the component form of (j4.17p contains one self-duality relation in even 
dimensions, so this result is to be expected. In the following we will focus on D = 10, but we 
note that D = 2,6 can be seen as type II toy models. The possible significance of theories with 
odd D will not be discussed here. 

We close by giving the equations of motion of Xi which are readily derived from (|4.7p . 

0{lC0x) = 0. (4.21) 

As it should be, the equation of motion is the integrability condition for the duality relations: 
acting with a ^ on both sides of (j4.17p . and using = 0, we recover the field equation. 



^For the special case of type IIA, a similar 0{D, D)-covariant form of the duality relations has also been 
proposed in the second reference of [23] . 
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4.2 Gauge invariance 

In this subsection we give the gauge transformation of the RR fields. The p-form gauge trans- 
formations are manifestly invariances of the Lagrangian and of the duality constraints. For the 
gauge transformations parameterized by ^ the transformation of x is nontrivial and so are 
the checks of gauge invariance of the Lagrangian and the duality constraints. 

4.2.1 Gauge transformations 

We start by introducing the double field theory version of the abelian gauge symmetries of the 
p-form gauge fields. These are parameterized by a spacetime dependent spinor A: 

6xx = $^- (4.22) 

Since A encodes a set of forms and $ acts as an exterior derivative, the above transformations 
are the familiar ones. It follows that 

5a^X = ^^A = 0, (4.23) 

and this implies the gauge invariance of the Lagrangian density ()4.6p and of the duality con- 
straint dHZD. 

For the gauge parameter ^ that encodes the diffeomorphism and Kalb-Ramond gauge 
symmetries, we postulate the gauge transformation 

kx = C^X ^ e'dMX + -^$e'TMX 

^ (4.24) 

= e'dMX + \ dNiuT'^T^X ■ 

In the second form it is simple to verify that a gauge parameter of the form ^m = Sm® is trivial 
in that it generates no gauge transformations: 

Sqqx = d^'QdMX + \dNdMQT^T'''x = IdNdM^V^'^'x = 0. (4.25) 

A short calculation gives the gauge transformation of the conjugate spinor x'- 

kx = C^'dMX + IdN^MXr^'r^. (4.26) 

Let us now turn to the gauge algebra. We claim that the gauge transformations parametrized 
by A and ^ close as follows 

[Sx,5^]=6^^,. (4.27) 

To check this we consider the left-hand side acting on x'- 



[Sx,S^]x = Sx6a =h{e'dMX + ^OnCmT^'T^x) 

= e'dM0x + ^a^a.r^r^^^A . 
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(4.28) 



The right-hand side of the expected algebra is: 






^dpie'dMT^'x + -a^v^Mr^r^r^^A) (4.29) 

= e'dM0x + -l=dpe'r^dMX + -l=9^eAfr^r^r*^9pA , 

where the term with two derivatives on S, vanishes by the use of ^ =0. Using the commutator 

[ r^ , r^r^^ ] = 2r?^^r*^ - 2r?^*^r^ , (4.30) 

one can readily show that 

^ dNCM[r'',r^r^]dpX =-^dpC^rPdMX, (4.3i) 



2V2 ''^'''' ' ^^ V2 

where we used the constraint and relabeled the indices. Then, returning to (|4.29|) . 

^c,xX = i^'dM$X + i5jv6/r^r^^^^A. (4.32) 

This agrees with (j4.28p confirming the closure of the gauge algebra. We have also verified that, 
as expected, [(J^ij^^al — ~%i,6]c' ^^^^re [• , ■]c is the C-bracket discussed in [H]. 

4.2.2 Gauge invariance of the action and the duality constraints 

The action is manifestly invariant under p-form gauge transformations. Here we check the 
invariance under 5^. We use the Lagrangian in (j4.7p : 

£ = \hc]C$x- (4.33) 

As usual, when we vary the Lagrangian, which has the index structure of a scalar, we obtain a 
transport term and a 'non-covariant' term 

5^C = ^^^OmC + A^C. (4.34) 

Since A^ acts as a derivation and commutes with bar-conjugation, 



A^£ = - [{A^$x) lC$x + $X (A^/C) $x + $X^ ^i$x) ■ (4.35) 

For the action to be gauge invariant, Ag£ must be such that 5^C in ()4.34p is a total derivative. 
Since A^/C can be read from (j3.39p . we only have to calculate A^^x- We begin my noting that 

6^{$X) = ^T^dM{edpX + Idp^QT^'T^x) ■ (4.36) 

The noncovariant piece in this transformation includes all terms in the right-hand side except 
for £, dp$x- Therefore we have 

A^(fe) = l=(dMeT''dpx+ \dpiQT''T^TQdMx), (4.37) 
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since the term with two derivatives on ^ vanishes. A short computation using (j4.30p to bring 
r next to the spinor gives the final answer 

Ac(^x) = ^Sp^Q r^r^^x- (4.38) 

Bar conjugation immediately yields, 

A^(^X) = \ dpiQ |^r«r^ . (4.39) 

Using the above variations and ()3.39p we find that ()4.35p gives 

^i^ = \ dpiQ Jx (r'^r^ /c + [r^«, /c] + /c r^r«) $x ■ (4.40) 

A short calculation shows that the factor in parenthesis equals 2r/^'3/C. As a result we find 

Aj/: = i due' Jx^$X = due' C . (4.41) 

Back in (|i3Il) we get 5^C = i^^dnC + {dM^^^)C = dui^^C), which confirms the gauge 
invar iance of the action. 

Finally, we have to prove gauge covariance of the duality constraints $x = ~^<^X- We now 
take the gauge variation 6^ of both sides of the duality constraint. The transport terms on both 
sides are identical, using the duality constraint. So only the non-covariant terms matter, and 
we can evaluate A^ on both sides of the constraint, finding 

A^0X = -(A^/C)^x - /CAg^x- (4.42) 

Our task is to verify that this holds, using the duality constraint. Bringing all terms to one 
side we must check that 

A^$X + {^ilC)0x + ^^i$X = 0. (4.43) 

Using our earlier results we find that the left-hand side is equal to 

- dp^Q (r^r^ + [r^Q , /c ] + /c r^r^) ^x • (4.44) 

Expanding the commutator and using the duality constraint we find that the above becomes 

^9peQ((r^rQ-r^«)+ /c(r^r«-r^«))^x = \dpiQv'''^{i+ ic)$x = o. (4.45) 

This concludes our proof. 

4.3 General variation of § and gravitational equations of motion 

In this section we determine the general variation of the action under a variation of S in order 
to determine the contribution of the new action to the field equations. This is non-trivial since 
§ is a constrained field in that it takes values in Spin(L',L'). The corresponding problem for 
the constrained variable given by the generalized metric % has been discussed in [14j, and the 
method employed there can be elevated to S, as we discuss next. 
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In [H], sec. 4, it was shown that a general variation of the constrained variable 7i can be 
parametrized in terms of a symmetric but otherwise unconstrained matrix Ai as follows 



6n^^^ = ^[{6^^p + n''p){5^Q-n''Q) + {6''p-n^'p){5^Q + n''Q)]M''Q 



ir 
2 



(4.46) 



Lowering the A^ index, 

dn^N = 1[m''n- n^'p x^^ nNQ ] . (4.4?) 

As in section 13.31 we now form the Lie-algebra element 

= \ MprH\ ( r^'^^5^N - r^''^6^N) (4.48) 



= iMppH^iT^'^Y'^, 

where we made repeated use of the symmetry properties of % and M and used (j'i.Sp . Li the 
spin representation this equation yields 

(5/C)/C-i = -^MpRn'^QTP^^ = -^MMNn''pT''P, (4.49) 

after some index relabeling. Our final result for the variation is therefore 

5/C = -^MmnU^^pT^^IC. (4.50) 

This, with %*, = p(/C), is the general variation of /C consistent with its group property fC G 
Spm(D,D). It is consistent with the variation (I4.47[) . and thus the variation of the NS-NS 
action is unmodified as compared to the discussion in [14J. 

Next, we apply (j4.50p in order to compute the variation of the RR action 

6C = \^5]C$x = ^MMNn^'p'$^T^''lC$x. (4.51) 

4 lb 

Since M is an arbitrary symmetric matrix, we read off that the contribution to the field equa- 
tions is given by the symmetric 'stress-tensor' 

^MN ^ l^(A/^|^r^)^x:^x. (4.52) 

16 

It is possible to verify that, as required, the above symmetric tensor is real [£ y = £"-'^" . 
This calculation makes use of C^ = C~^ and (j3.44p . It is also important to note that ^*^" 
transforms covariantly under duality: 

£'^IN{X') = h^^ph^Q£PQ{X). (4.53) 

The explicit check makes use of (j3.42p and the duality properties of 7i. 
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Taking the variation of the NS-NS action into account, which leads to the tensor TZmn 
defined in eq. (4.58) of [H], this leads to the 0{D,D) covariant form of the type II field 
equations, 

TZmn + Smn = 0, (4.54) 

supplemented by the duality constraint (j4.17p . In fact, the duality constraint allows us to 
simplify £^^^ considerably: 

£MN ^ _ 1 ^(M^^r^)^^X. (4.55) 

lb 

One may try to verify again the reality of this stress-tensor. A short calculation shows that it is 
only real whenever CC = — 1. This is precisely the constraint for consistent duality constraints, 
as discussed at the end of section HTTJ Since we work with real numbers throughout, a non-real 
stress-tensor can only be equal to zero. 



5 Action and duality relations in the standard frame 

In this section we examine the form of the action and duality relations when choosing the 
'standard' duality frame 9* = 0, and we show that they reduce to the conventional democratic 
formulation of type II theories. For this we have to assume that we are in a region with a well- 
defined metric, so that we can choose the parametrization S = S*-^. The physical significance of 
this particular parametrization will be discussed in the next section. 

5.1 Action and duality relations in 9 = frame 

In this section we evaluate the action and duality relations in the standard frame d = 0. We 
begin by deriving some relations which will turn out to be useful for this analysis. 

5.1.1 Preliminaries 

Let us derive some useful identities for the action of Sg on general spinor states. To this end 
we need to determine the action of an exponential of fermionic oscillators. We find 

= (^p'' +^^R,^{^^,^^} + ^R,JR^i^p^{^^,r}{^„4^''} +---)\0) (5.1) 

= (5,^ + i?;'= + ii?,Ji?/ + ...)^'|0) = (expi?)>'|0). 

In order to determine now the action of Sg = SeSkSl on general states, we compute the 



action of the respective factors. For Se, we introduce e = exp(£^) and we have 

5eVN0) = -l=e^'^^'^'=i;'\0) = ^^ (expi?) .^^^ |0) = ^^e,V|0). (5.2) 
vdete vdete ■' vdete 
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For Sl we find an expression with unusual index position 

Slij^lO) = -l=e^i;^\0). (5.3) 

vdete 

The action of Sk can be easily computed, 

Skr\o) = {iP'^i-i^ii;')r\o) = -kp^rm , (5.4) 

using the flat Lorentz metric k = diag(— 1, 1, . . . , 1) defined in ()3.6p . Using (j5.2p . (jS.Sp and 
(j5.4p , the action of Sg is then given by 

Sgi;'\0) = SeSkSli;'\0) = -j^ S^Ske^ i;^ \0) = -^^ SeC^ k.p^ \0) 

V det e V det e 

^ iei' kjp e^^W |0) = - j^ (ei^^ e/ A:,^ )V^5 |0) (5.5) 



dete' ' J^ ^ '-^ ' ' dete 

dete VJdet^ 



where we used the definition of the metric in ()3.6p and wrote det e = yjdet^. Similarly, for 



Sg ^ one finds 



5-VMO) = -v1dit^5*'>'» , (5.6) 

where g^^ is, as usual, the inverse of the metric gij. 

All of the above relations straightforwardly extend to the case where Sg acts on multiple 
fermionic oscillators, for which eqs. (|5.5p and (|5.6p are generalized to 



5"^ V*' • • • V'^IO) = -Videt 515^1^1 • • • g'-^^-^ i;^' ■ ■ ■ i)^^ |0) , 

1 (5.7) 

Vldetfi'l 
With these ingredients we are now ready to evaluate the action. 



5.1.2 The action 

We start by writing the action in the duality frame 5 = 0. For this choice, the field strength 

\F) = $\x) , (5.8) 

reduces to 

p=0 p=l 

p=l ^' 

where we performed an index shift and relabeled the indices. Thus, the components are given 
by the conventional field strengths 

Fi,..., = P%a,...^,] . (5.10) 
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It is sometimes useful to avoid explicit indices and combinatorial factors by using the language 
of differential forms. In general, we identify a spinor state \Gp) with a p-form G^^' as follows 

|Gp) = ^G,,...i>*i---V''lO) ^^ G^P^ = -0,,...i,dx'^ h-'-hdz'" . (5.11) 

p\ p\ 

Whenever we speak of ap-form G^^' and its components Gi^,,,ip, we will assume a normalization 
that includes the p\ coefficient shown above. It is now straightforward to translate (jS.lOp to 
form language: 

p{p) ^ dC^p-^^ . (5.12) 

We now collect all field strengths of different degrees into a single form F = ^ F'^P' and do 
the same for the potentials C = ^ C^'^K We then have that ()5.12p . or for that matter (jS.lOp . 
for all relevant p is summarized by 

F = dC. (5.13) 

In order to evaluate the action we need to choose a parameterization for S, which we take 
to be 5-H, 

^ = Su = e^^^^^^^^ Sg^ e-^''^^^'^' . (5.14) 

The 6-dependent terms in Sy^ suggest the definition of modified field strengths, related to the 
original field strengths \F) = 0\x) by the addition of Chern-Simons like terms: 



1^) = e-5^-'^"'^» = ^li?,^...,^^n...^v|o). (5.15) 

This relation is summarized in form language by 

F = e-^'^AF = e-^'^AdC, with b^^^ = -bijdx'Adx^. (5.16) 

Explicitly, for example, 

pm ^ pm _ ^(2) ^ ^(1) 



p(5) ^ ^(5) _ ^(2) ^(3) 1^(2) ^ f,{2) ^ ^(1) gt^_ 

2 



(5.17) 



The bra corresponding to \F) is given by 

D 

P 



p=i " 

Next, we can evaluate the Lagrangian (|4.6p using (j5.14p . (|5.15p and (j5.18p . which yields 

1 ^ ^ 1^1^^ 

c = -{F\s;'\F) = - ^ F,„„,^F,,„,^{0\^,^---A,S;'iP^^---iP^^\0) . (5.19) 

p,q=l 

Using now ()5.7p for the action of SZ'^ and the normalization 

(0|^i^---V',,V'"^..V''"lO) = 5p,p!<5,,[-^ •••5,^-^1, (5.20) 
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following from (0|0) = 1, the action reduces to 

D 

P 



1^1 ^ ^ 

^ = -jV^Y.7;^9''''---9''"''Pn-r.Fn-j, ' (5-21) 



p=i 



where we used the short-hand notation y^ = Y^|detg(|. This can also be written as 

1 ^ ^ 

^ = -i^^El^^'^l' ' (5.22) 

p=i 

where we define for any p-form lo^P': 

|^(p)|2 ^ i. ^nii . . . g^,j, ^^^^^^^^^^^^.^ . (5.23) 

The result in (I5.22P is the required sum of kinetic terms for all p-form gauge fields (of odd 
or even degree, depending on the chirality of x)) which appear in the democratic formulation. 
This action needs to be supplemented by the duality relations, ensuring that we propagate only 
the physical degrees of freedom of type II. We consider these next. 

5.1.3 Self-duality relations in terms of field strengths 

Here we show that for 9 = the self-duality conditions $x = —^$X^ c.f. eq. (|4.17p . reduce to 

p{p) ^ (-1) ^ '^2 >kF(^-p) . (5.24) 

These are conventional duality relations for p-form field strengths. In here we use the following 
definition of the Hodge-dual form: 

(*^)h-ir, = J^^9^^n■■■9ir„,^'''■'■■■''''''■■■''Ak^_^,...k, . (5.25) 

Our conventions for the epsilon symbols are as follows: 



V9 
ei2...D = —1 , £h...io = V9 ^11. ..in 



(5.26) 



i.e., e is a tensor density, while e is a (pseudo-)tensor. As usual, lowering the indices on e*i---*o 
with gij yields £ij^...ini ^^d £ and e coincide on flat space. We note the familiar relation for the 
square of the Hodge star on forms of degree p in a Z)-dimensional spacetime with signature s: 



* *UJ 



(p) — (—^\p(D-p)„,,(p) 



{-l)p(D-p)^jp) _ (5 27) 



We can ask when is (I5.24p consistent with repeated application of the Hodge star operation. A 
calculation gives the condition 

,(_l)|^(^-i)= 1. (5.28) 

Not surprisingly, in Lorentzian signature this agrees with the result in (j4.19p . Finally, for 
D = 10, the duality constraints (|5.24p take the form 

F^P) = _(_i)|p{p+i)>,p(^-p) . (5.29) 
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We can now begin our calculation. Let us first introduce the short-hand notation 

B = iftijVV, Bt = -i^ijViV'j, (5.30) 

which allows us to write 5-^ in (j3.14p as follows 

Sn = e-^'Sg'e-^. (5.31) 

The self-duality conditions $x = —K.$x can now be written as 

e-^\$x) = -e-^C-^e-^'Sg^e-^\$x), (5-32) 

where we multiplied the factor e~^ from the left to form the modified field strengths \F) defined 
in ^^■. 

\F) = -e-^ C-^ e-^^ Sg^ \F) . (5.33) 

Using (j2.45p we readily verify that 

and, as a result, 

\F) = -C-^Sg^\F). (5.35) 

A further simplification is possible using (j3.13p in the form Sg = —C~^S~^C, giving 

\F) = SgC^'lF) . (5.36) 

Finally, we recall that in the dimensions with self-consistent duality constraints (|4.19p we have 
C~^ = —C and therefore 

\F) = -SgC\F) . (5.37) 

This is the simplest possible form of the duality constraints. 

We can now examine (]5.37p in terms of component fields, as defined in (I5.15p . We find 

^ 1 ^ ^ 1 ^ 

^ -jFn...v V''^ • • • m^) = - E ^ ^n--p ^3 V'n • • • V'i, C |0) , (5.38) 

p=i p=i 

where we used ()2.45p . Next, we show that the charge conjugation matrix in ()5.38p effectively 
acts like an epsilon symbol. In fact, by multiple application of the oscillator algebra one can 
verify that 

V'n • • • ^^p C |0) = V'*i---^*pV'V---V'''|0) 



{D-p)\ 
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Back in ()5.38p and defining p = D — p we have 

D 

p\ 



^ 1 ^ 



(5.40) 



p=i 

D 

p=l 

= E (-i)"^^ ^ 5.,,. • • • gk,,, e^^^--^"^^-^^ K..,^ ^'^■■- i^'m 

D 

p=l 

X — >, {D-p)(D-p-l) 1 ^ . . 

p=i 

In obtaining this resuh we made use of (j5.7p . the definition ()5.25p and some simple manipula- 
tions. Thus, we have shown that the duality constraint implies the claimed duality relations 

5.2 Conventional gauge symmetries 

Let us now verify that the gauge transformations parameterized by ^ and A reduce to the 
conventional gauge symmetries of type II theories in the frame d^ = 0. We start with the p-form 
gauge symmetries (j4.22p whose parameter we write in components as 



^ 1 

h\x) = $\\) = ^'d,\X) = Y,T-—^,^^nK...^p]^''■■■^''\^)^ (5-42) 



|A> = EV^i-vV'*'---V'*10)- (5-41) 

p=0^' 

For (9 = this implies 

D 

from which we read off 

&\Cii...ip = pdii^\i2...ip] ■ (5.43) 

These are the conventional p-form gauge transformations. In form language they read 

6xC = d\. (5.44) 

Let us now discuss the gauge transformations parameterized by ^*^ = {Ci,C)- We first claim 
that the C forms transform as p- forms under diffeomorphisms parameterized by ^*. To see this, 
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we compute 

D 

h\x) = (edj + d,e i^'^k) Y. - ^«i-v V'*' • • • V^'IO) . (5.45) 

p=0 ^' 

The transport term just gives rise to the transport term of the component fields. The second 
term can be evaluated using (j2.13p . which then implies for the components 

h'^ii-iv = ^^^iC'n...ip+P%C^C'|j|J2...ip] = ^£.Ch...ip ■ (5.46) 

This is the usual diffeomorphism symmetry which infinitesimally acts via the Lie derivative. 

We now consider the ^i parameters, which are parameters for the 6-field gauge transforma- 
tions. It turns out that the C forms transform non-trivially under this symmetry. In order to 
see this we compute for 9 = 






p=0 
D 



(5.47) 



S^I^^l-^-^^--^!^"---^'"'"^ 



p=2 

where we performed an index shift p — )• p + 2 in the last equation. We thus read off 

5f^,...^, = P{P - l)^y^A C^,...^,] • (5.48) 

In the language of forms the above equation reads 

(5|C = dihC. (5.49) 

Note that this implies that 

<5^-C7(0) = 5f^^'^ = , 5^-C(2) = di ■ C(°) , . . . , 5|C(P) = di A C(P-2) . (5.50) 

Recalling that 

5^-6(2) =(i|, (5.51) 

it is straightforward to define new potentials A that do not transform under ^: 

A = e-^*" AC. (5.52) 

Indeed it is simple to verify that 

6^A = 0. (5.53) 

One can also write the C fields in terms of the A fields easily: 

C = e^*" A A . (5.54) 

The A potentials are hatted to distinguish them from conventional type II potentials to be 
discussed below. 
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5.3 Democratic formulation 

The democratic formulation of type II theories introduces an action for all even and odd forms, 
which is then supplemented by duality relations between the corresponding field strengths. The 
resulting equations of motion are equivalent to the standard equations of motion by virtue of 
the Bianchi identities of the field strengths |28y 33j . Here we briefly introduce this formulation 
and show the equivalence with the conventional formulation. 

5.3.1 Review and comments on the standard formulation 

The standard 10-dimensional low energy action for type II theories is given by 

S = S'ns-ns + Srr , (5.55) 

where 5ns-ns is the same for both type IIA and type IIB and written as 

5NS-NS = |'i'°x7^e-2'^ i? + 4(a0)2-i|i?(3)|2 . (5.56) 

The RR actions S'rr for type IIA and type IIB are given by, respectively, 

Sl^^ = -1 ^^"^^^(iF^if + |F(3)|2 + i|i?(5)|2^+ ^ fb('^AdA(^^AdA(^\ (5.58) 

with the additional self-duality condition F^^^' = *F^^' for type IIB, which has to be imposed 
on the field equations after varying the action. We also note that the type II* theories take 
the same form, with the overall sign of the kinetic terms for the RR fields (but not of the 
Chern-Simons terms) reversed. The field strengths F^"^' are defined in terms of the original RR 
potentials A^^' as 

i?(l) = rf^(O) i7(2) = ^^(1) 

i?(3) = rf^(2) + ^(3) ^ ^(0) p(4) = ^^(3) + ^(3) ^ ^(1) (5.59) 

F(5) = J^(4) + 1^(3) ^ ^(2) _ 1^(2) ^ ^^(2) . 

The field strengths above must be invariant under p-form gauge transformations of the poten- 
tials. But the presence of ^- forms without an exterior derivative acting on them implies that 
the p-form gauge transformations of ^'s are a bit nontrivial: 

5aA(o) = 6xAW = dA(o) 

6xA(^^ = dA(^) 6xA('^^ = dA(2) - 5(2) a dA^o) (5.60) 

5aAW = dA(3) - 1 6(2) A dA(i) . 

One can readily verify that 6xF^'P' = and that the Chern-Simons terms are invariant because 
the integrands change by a d-exact form. Since the -F's involve the field b^'^\ the A potentials 
are not invariant under the b^"^' gauge transformations, 6^b^'^' = d^. The invariance of the F's 
requires 

,5|A(o) = <5|^(i) = 

<5|A(2) ^ <5^-^(3) ^ (5.61) 

6^A(^^= id|A^(2)_ 
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One can readily verify that S^F^^' = and that the Chern-Simons terms are invariant because 
the integrands change by a d-exact form (use dA^'^' A dA^'^' = 0, for the IIB case). 

A set of modified RR potentials C'"' are constructed by combining the NS-NS 2-form b^"^' 
and the original RR potentials A^"'' : 

C(0) = ^(0) C7{i) = ^(1) 

C(2) = ^(2) + 5(2) ^ ^(0) ^(3) = ^(3) + 5(2) ^ ^(1) (5,62) 

C(4) = ^(4) + 15(2) ^ ^(2) + 15(2) ^ 5(2) ^ ^(0) , 

These transformations have one peculiar feature. The field C fails to be equal to e^ A A 
because of the terms in C^'^'. As we will argue below, this is because matters can be simplified 
by using a different A'^^' field. The inverse relations are 

^(0) = ^(0) ^(1) ^ c'(i) 

^(2) ^ ^(2) _ 5(2) ^ (^(0) ^(3) = c^3) _ 5(2) ^ C'(l) (5_63) 

^(4) = C'(4) - 15(2) A C(2) . 

We now claim that the C fields defined above coincide with the C fields we have been using 
in this paper; the fields that transform naturally under T-duality and have conventional p-form 
gauge transformations. Indeed, a short calculation shows that the p-form gauge transformations 
in (|5.6U|) imply 

6xC = dX , (5.64) 

in agreement with (I5.44p . Moreover, the ^ gauge transformations in (I5.61|) imply that the S, 
gauge transformations of the C fields are summarized by 

6^C = d| A C , (5.65) 

in agreement with (j5.49p . Finally, the field strengths F take a simple form in terms of the C 
forms 

F = e"*'" A dC , (5.66) 

in agreement with (j5.16p . The desired properties 6xF = and 6^F = are now manifest. 

We noted earlier in (|5.52p that the potentials 

i = e-^^''AC, (5.67) 

are invariant under 5x. Comparing with ()5.63p we see that 

^(P) = ^(P) ^ p ^ 4 ^ (5,68) 

and for the case p = 4 a short calculation shows that 

^(4) = i(4) + 1 5(2) ^ ^(2) (5,69) 

This equation is consistent with ()5.6ip and StA^'^' = 0. Moreover, using ()5.54p and (j5.66p we 
find 

F = e-'''Ud(e-'''''AA), (5.70) 
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which quickly yields 

F = di + ij(3) Ai. (5.71) 

The above means that a formulation with potentials A is somewhat more efficient than the 
conventional formulation. Indeed, a small calculation shows that the type IIB Chern-Simons 
term, expressed in terms of A^^' and A'^'^^ takes exactly the same form as before, thus 

SS^^ = -i /■di0xV=^(|F«|2 + |i?(3)|2 + i|i?(5)|2)+ i I 6(2) A diW A cii(2). (5.73) 

Here, collecting information, 

F = dA + i7(^) A i , 5xA = e~^*" A dX , 6^A = . (5.74) 

The advantage of this formulation is that the haphazard 6x transformations of the ^'s now 
takes a closed form expression and the 6^ symmetry is manifest. 

The formulation in terms of C potentials is also elegant as it brings out the duality properties 
more clearly. This time the Chern-Simons terms are a bit more complex, however. One finds 

i /"6(2) A d(c(3) - 6(2) A C(i)) A d(c(3) - 6(2) A C(i)) , 
Sg^B) ^ _WrflO^^/3^^|P(l)|2^|P(3)|2^1|P(5)|2^ (5.75) 

+ i / 6(2) A d(c(4) - ^6(2) A C(2)) A d(c(2) - 6(2) A C(o)) , 
F = e-''*" A dC , 5xC = dX , 6^C = (i| A C . 

5.3.2 Democratic formulation and equivalence 

Let us now turn to the democratic formulation. The democratic action features kinetic terms 
for all forms, but no explicit Chern-Simons terms, 

^(IIA),dem ^ _!/■ ^10^^/3^ ^ |i?(")|2=l/" J^ ]?(-) A *F(") , (5.76) 

•^ n=2,4,6,8 -^ n=2,4,6,8 

^(IIB),dem ^ _!/■ ^10^^/3^ ^ |]?(n)|2^1/" ^ ^(„) ^ ^p(„) ^ ^^_^^^ 

•^ n=l,3,5,7,9 "^ n=l,3,5,7,9 

Note that the normalization of the action has a factor of 1/2 relative to similar (non Chern- 
Simons) terms in the standard formulation ()5.57p . The above actions are supplemented by the 



+ 2 
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duality relations 



*F(i) 


= F(9) , 


*F(2) = 


= -F(8) 


*F(3) 


= -f(7) , 


*F(4) = 


= F(6) , 


*f(5) 


= F(5) , 


*F(6) = 


= -fW 


*F(7) 


= -i?(3) , 


*F(8) = 


= F(2) , 


*F(9) 


= f(i) . 







(5.78) 



The above are indeed the duality constraints we obtained before at the component level, as can 
be readily checked using ()5.29p . Moreover, our action, evaluated for 9 = 0, is also identical 
to the above democratic action. This can be seen in (|5.22p . where we also recall in (|5.23p 
the definition of | . . . P on forms. By showing that the democratic formulation agrees with 
the standard formulation we will have shown that our double field theory type II action, for 
d = 0, agrees with the type II theories. We note that the democratic formulation of the type 
II* theories is completely analogous; it introduces a RR action with a kinetic term for each 
potential together with duality constraints, both with a reversed overall sign. 

The claim is that the field equations of the standard action are the same as those of the 
democratic action after imposing these duality relations. We present this equivalence for type 
IIA. The story for type IIB is completely analogous. 

The field equation for gij is relatively straightforward. Since the NS-NS action is the same for 
the standard formulation and the democratic formulation, it is sufficient to examine the energy- 
momentum tensor for both formulations. The energy-momentum tensor Tij in the standard 
formulation does not receive contributions from the Chern-Simons terms. We simply have 



T,, =f,,(i?(2))+f,^.(i?(4)), (5.79) 



where 



^^^■(^^"^) = (;^^i^.fcife-;i.-i^/^'"-'"-^-^5ii|i^^"f • (5-80) 

The energy-momentum tensor resulting from the democratic action is given by 

T^J = l E ^^.■(^^"^)' (5-81) 

n=2,4,6,8 

where the 1/2 factor is due to the normalization, as mentioned above (j5.78p . From the identity 
£ij{F^'^') = £ij{*F^'^') and the duality relations, we infer that the energy-momentum tensor in 
the democratic action is equal to that in the standard action. Both formulations give the same 
Einstein equations. 

In the standard formulation (c.f. (|5.56p and (|5.57p ) the field equation for b^'^> is 

d{e-'"t> * if(3)) + p(2) /\ ^i?(4) _ ip(4) ^ p(4) ^ ^ (5_g2) 

and in the democratic formulation (15.761) with (15.78P the field equation for b^'^' reads 

which is equivalent to (j5.82p after imposing the duality relations (|5.78p . 
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The most nontrivial checks in the equivalence of the two formulations are the field equations 
for C*-"-*. In the standard formulation we have nontrivial Bianchi identities from (j5.66p : 

The field equations for C^^> and C^^' in the standard formulation read, respectively, 

= d f- * F(2) ^ ^(2) ^ ^p(4) ^ 1^(2) ^ ^(2) ^ j?(4) ^ 1^(2) ^ ^(2) ^ ^(2) ^ p(2)\ ^ 

^ 2 6/ ^^g^^ 

= d (*F(^) + 6(2) A i?W + -6(2) A 6(2) A F(2)) . 

In the democratic formulation the field equations for all odd forms C^'^\C^'^\C^^\C^'^' are 
respectively given by 

= d [- * F(2) + 6(2) A *F(^) - ^6(2) A 6(2) A *F('') + ^6(2) A 6(2) A 6(2) A *F^A , 

= d f*F(4) - 6(2) A *f(6) + ^6(2) A 6(2) A *F^A , 

V 2 ; ' (5.86) 

= d(-*i?(6)+6{2)A*F(8)) , 
= d f*F(8)' 



By imposing the duality relations (j5.78p the last two equations become the Bianchi identities 
for i^(^) and F^"^' in (I5.84P and the first two equations are equivalent to the field equations (I5.85P 
for C(^) and C(^) . In summary, for the common potentials the equations of motion agree after 
use of duality relations. For the potentials in the democratic formulation that are absent in the 
standard formulation, the democratic equations of motion arise from the Bianchi identities of 
the potentials in the standard formulation. The analysis given above explicitly shows that in the 
democratic formulation the field equations are equivalent to those of the standard formulation. 

6 IIA versus IIB 

Here we consider double field theory evaluated in frames with 5* 7^ 0. In the first part, we review 
the results of [13] for the NS-NS sector and give an intuitive picture of how this generalizes to 
the RR sector. In the second part, we give a more explicit treatment of the RR action when 
evaluated in different T-duality frames. 

6.1 Review of NS-NS sector and motivation for RR fields 

In the previous section we have seen that for fields with no x dependence or, equivalently, 
setting 9* = 0, the proposed double field theory reduces to the type IIA or type IIB theory 
in the democratic formulation, depending on the chosen chirality of x- It is equally consistent 
with the strong constraint, however, to keep the x dependence of fields while dropping the x 
dependence by setting di = 0. We will see that if the theory reduces to type IIA when setting 
9* = 0, the same theory reduces to type IIA* when setting di = 0, and vice versa. Similarly, for 
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the opposite chirality of x, in one frame the theory reduces to type IIB and in the other frame 
to type IIB*. 

More generahy, we can consider intermediate frames that originate from the Xj = frame by 
an arbitrary 0{D,D) transformation. Specifically, with the subgroup 0{n — 1, 1) x 0{d,d) C 
0{D,D) acting on coordinates {x'^,x'^,Xa), with /j, = 0, ... ,n — 1 and a = 1,. . . ,d, we can 
consider the 0{d,d) transformation that maps the x^ = frame to the x*^ = frame. Here we 
find that the resulting theory is equivalent to the original one if d is even or to the theory with 
opposite chirality if d is odd. In other words, for d odd, if we start with a chirality such that 
the theory reduces to II A for Xq = 0, the same theory reduces to type IIB for x"^ = 0, and vice 
versa. 

In order to set the stage to discuss the above claims, let us first review the transition from 
the X = frame to the x = frame for the pure NS-NS sector. This matter was analyzed in 
sec. 3.2 of [13]. The two T-duality frames 9* = and Sj = are mapped into each other by the 
0{D, D) transformation J that exchanges x and x, 

.% - f ;) . 

The action evaluated in one duality frame is equivalent to the action evaluated in the other 
duality frame, but written in terms of field variables that are redefined according to the 0{D, D) 
transformation (j6.ip . To make this more explicit, we introduce 



n = JUJ = n-^ . (6.2) 

In components, we obtain 



n = \ ''= - Y'^'^ ^''''' 1 . (6.3) 



-g'%i g'' 



If we view Ti as the generalized metric associated with a new metric g' and a new antisymmetric 
field b' , following (II. Ih we would write 

n = ( ''' -'''^''^ ] = ( ''^ -'''^'' \ (6 4) 

Vrj.g'"' g[, - Kk9"%J \b''h, g'' - v'hih'^j ' 

where in the second step we defined the tilde fields by 

P^(/ij ^ 9^i=5"^ and W^b[^. (6.5) 

Note that the change of index position in passing from primed to tilde variables makes the 
right-hand sides of (|6.3|) and (|6.4|) have consistent index positions: 

fi = (^'^ ~ ^ikg^% bikg'^A ^ f Qij -gikb^'^ \ /g gN 

The dilaton is invariant under this inversion duality: d = d. 

Let us verify directly that the field redefinition in (16. 6p is equivalent to the change of 
variable induced by T-duality, following eqs. (3.20)^(3.22) of p^. In there, we considered the 
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fundamental field 8ij = gij + bij represented by the matrix 8 and the T-dual field £ = £ ^, 
writing 

gij EE {£-y ^ ~g'^+U^ ^ £ik£''^ = V, (6.7) 

where g^^ and V^ are the symmetric and antisymmetric parts of £^^ , respectively. Consequently, 
g'^^ is interpreted as the metric and gij denotes the inverse metric. The duality transformations 
of the metric imply that they satisfy [13] : 



9ij 



kl 



Ski 9 £l 



Ij 



g'^ = i'^'hiS'' 



(6. 



Writing these equations in terms of g and h (or their dual variables g and 6), we recover (|6.6 
for the diagonal matrix entries. For the off-diagonal entries we compute, for instance. 



-5: 



kh'^' 



-kk{£^'-~g^'] 



-~g,k£''' + Si = -£pigP''£gk£''' + Si 
= -£rng'" + 5,^ = -{gp^ + bpi)gP^ + 5^ = h. nVi 
confirming the equality of the off-diagonal entries in (16.60 . 



(6.9) 



We note that the field redefinitions (j6.5p interchange upper with lower indices in order 
to work consistently with the lower indices of the dual coordinates Xj. In particular, the 
diffeomorphisms in the dual coordinates are generated by ^j in that the gauge transformations 
(see (2.37) and (2.38) of [13]) reduce for 9^ = to 



b-£'^ = ikd^£'i + d'ik^^^ + d^lk^"^ ■ 



.10) 



Viewing £^^ with upper indices as a covariant rather than a contravariant tensor, this is the 
conventional transformation of such a tensor under infinitesimal diffeomorphisms. 

The double field theory action 5ns-ns for the NS-NS fields is, of course, the same as the 
double field theory action 5dft for the low energy bosonic string. We thus write 



•Snr- 



NS-NS 



9=0 



5l 



DFT 



9=0 



S 



g,b,d,d 



5.11) 



with S a function of the four arguments written above. In the dual frame 9 = 0, our discussion 
above implies that we have 



'S'ns- 



■NS 



9=0 



S'dft 



9=0 



S 



g, b, d, d 



The replacements in the arguments of S are, explicitly. 



9ij -^ 9 ■ 



9ij 



, <Jij 



b'^ , di^d' 



(6.12) 



.13) 



Let us now see how this generalizes in presence of the RR fields. Before we give a general 
discussion in the next section, it will be instructive to first examine more explicitly, along the 
lines reviewed above, what happens in the frame 9j = with 9* ^ 0. Let us first evaluate the 
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field strength \F) in this frame, 



p=i ^' p=i ^^ '^^ 

D-l 



p=0 ^ 



5.14) 



At first sight this looks rather different from the conventional field strength of a p-form, but it 
can actually be brought to the form of a 'dual field strength' if we introduce a dual potential 
C according to 

a,..,, = apei,...,^,,..,,_^&^-^^-^ , (6.15) 

where the numerical coefficients ap will be fixed below. We recall that the epsilon symbol is 
constant and equal to ±1, i.e., it is not a tensor but rather a density. In terms of this new 
variable, (|6.14p reads 



'^'-^ p=0 ^• 

= V^ Qp+i(-lr . . . pJi-ii3-P , //I ...,/> |n\ 



(6.16) 



where we introduced in analogy to (jS.lOp 

pji...jp = pQ\hcn-iv\ . (6.17) 

We should stress that (j6.15p does not involve any metric and so this is not the Hodge dual. 
Consequently, C is not a covariant tensor in the usual sense. However, what we actually have 
to verify is that, as in (j6.10p . this is a tensor in the T-dual sense that it transforms under ^i 
rather than ^ with a Lie derivative. To see this, we examine the gauge transformation (j4.24p 

'^llx) = ^,5^|X)+5^'4V',V''|X>- (6.18) 

The transport term gives manifestly rise to the correct structure, so we focus on the second 
term, denoted by 5;, which yields 

p=0 ^' 



(6.19) 



p=0 
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To simplify this, we use that a fully antisymmetric tensor with D + 1 indices in D dimensions 
vanishes identically, 



(6.20) 



= iD + l)d^^[j€i^,„i^k^...kn-,] 

= (p + 1)9^% en...ip]fci...feo_p -{D- p)d^l\k, ^\h...i^j\k2...ko-A ■ 
Using this in (I6.19J) . one obtains 

k\x) = iZ """^^J^^ ^h-i.k.-kuJHj &'--'--^i^^^ ■ ■ ■ V^'^'IO) , (6.21) 

p=0 ^' 

where we relabeled ki -H- j. In total, we read off 

j^-(7ii...»D-p = ^.Q3C''^-^D-p j^{^D_p^Q[ii^^c\k\i2-iD-p\ = ^-C-n-'u-P . (6.22) 

This is the dual Lie derivative with respect to S,i of a dual p-form, where we note that upper 
indices are now covariant indices and so the signs in (j6.22p are the conventional ones, c.f. (j5.46p 
and (fool) . 

6.2 RR action in different T-duality frames 

So far we have seen explicitly that the field strengths in the dual frame di = 0, 5* 7^ 0, take the 
conventional form when written in terms of the right 'T-dual' variables C'^i'^p. We will now 
prove more generally that the action and duality relations in the frame di = yield the T-dual 
type II theory written in terms of the T-dual variables (j6.6p for the NS-NS fields and C for the 
RR fields. Since the 0{D,D) transformation inverts all space-time dimensions, it contains a 
timelike T-duality and thus maps, say, II A and II A* into each other. 

To proceed, we describe the field redefinition (j6.15p by introducing the following tilde vari- 
able of the 0{D,D) spinor, 

X = Sjx, Sj = C. (6.23) 

This corresponds to the action of the spinor representative of the 0{D,D) transformation 
J = J~^ that exchanges x* and Xj, which for convenience we have chosen to be C, but we stress 
that this field redefinition does not affect the coordinate arguments. 

We can then verify that the field redefinition X ~^ X indeed amounts to the duality trans- 
formation (I6.15p . In fact, with (I2.45P and ()5.39p we obtain 






(6.24) 



This equation determines the tilde variables in terms of the original ones: 

(Jn-ip = (_i)|(g-p)(g+p-i) ^ M-ivh-iD-pCj^,„^^_^ , (6.25) 
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where we performed an index shift. It can be checked with the standard identity 

fohowing from (|5.26|) . that this coincides with (|6.15p for ap = {—1)2P^p^'^'>+^/(D — p)l. 
In terms of the tilde variables (J6.23P we have, using (12.26(1 . 

where we introduced a redefined derivative and Dirac operator, 



1 

V2- 



^T^d 



'N 



d 



'N 



J'^'nO, 



nom ■ 



(6.26) 



(6.27) 



(6.28) 



Recalling that the matrix J at has only the non- vanishing matrix elements J*-' and Jij that 
are equal to Kronecker deltas we find that 

$ = iljid' + iPidi . (6.29) 

As expected, the di and 9* derivatives have been exchanged. For the Lagrangian we now find 



C 



'-0xySn 



-mHsjysnsju 



-m^s^ 



w 



(6.30) 



where we used the sign factor in (j3.33p . We see that in tilde- variables the RR action takes the 
same form as in the original variables, up to a sign. It can also be checked that the duality 
constraints in the dual frame take the form 



$X 



Ly Onj ' 



(6.31) 



which differs from the constraints in the original frame by a sign factor. 

It follows now that setting di = in the evaluation of the Lagrangian as written in the first 
form in (j6.30|) is equivalent to setting = tp^d'^ in the evaluation of the Lagrangian as written 
in the last form in (j6.30p . But this latter evaluation is identical to our original computation in 
sec. 5, with di derivatives replaced by 5* derivatives and Ci^,,,i^ replaced by (7*i-*p. Of course, 
this time we get an extra minus sign. 

Due to this sign change in the RR action we conclude that if the theory reduces for 9* = 
to IIA, the same theory reduces for 9j = to IIA*, but written in terms of the T-dual variables. 
We thus have, for instance, 



5'DFTn 



d=Q 



Sua 



g, b, d, C, d 



•SdfTt 



9=0 



5i 



IIA* 



g,b,d,C,d 



(6.32) 



where we indicated by SdfTh the full double field theory action of type II, while Sua and Sua* 
are the low-energy actions of IIA and IIA*, respectively. Moreover, the corresponding duality 
constraints differ by a sign. This is the expected sign given that the stress-tensor from the RR 
sector in the dual frame must have a sign opposite to the one in the original frame. 
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Similarly, if the chosen chirality is such that the theory reduces in the 9* = frame to type 
IIB, the same theory reduces in the di = frame to type IIB*. We finally note that had we 
chosen the equally valid parametrization S = —S-^, we would have obtained either IIA* or IIB* 
in the frame 9* = and the conventional IIA or IIB theories in the opposite frame. 

It is instructive to reconsider the above analysis in somewhat more explicit terms by per- 
forming an expansion of the RR action in tilde derivatives d, 

'S'rr = 'S'rr + S'pj^pj, + 5'j^R , (6.33) 

where the superscript denotes the number of d. For simplicity, let us assume that the 6-field 
vanishes. The first term S^j^ is a conventional type II action as discussed in sec. 5. The 
remaining terms can be straightforwardly computed using that, by the linearity of the Dirac 
operator 0, the full field strength ()5.8p is simply the sum of ()5.9p and ()6.16p . 



D 

where 



^ 1 

1^) = E--^n-.^''---^''|0)' (6.34) 



J~il...ip — i'ii...ip -\~ Pp^ii...ipji...JD-p^ ^ ^ (O.OOj 

and /3p = (— l)Pap+i/(D — p). In here F is the conventional field strength, depending on 
derivatives d, and F is the field strength in terms of the dual variables, depending on the dual 
derivatives d. Precisely as in sec. 5, one then finds for the full RR-action 

p 
Insertion of (|6.35p then gives 

q(°) — _i\^_ /;7 r/'iJi . . . n*P-?P P- • F- 
■^RR ~ AZ^^\y3g 9 ^ii...ip^ji.... 



4:^^ P\ 

V 



3p ' 



:(2) 



1 1 



(6.37) 



S'Ki = +-j:j,^g9nn---9^p,pF^--^Fn-^^. 
For the second equation we shifted the summation index p and used the identity 

^g'^^^---g'^^^ei^,„i^kr...ko-p^h-Ovh-lD-p = - ^P^D - pV- g[k,\h\ ' ' ' 9kD-p]lD-p ^ (6-38) 

which follows from (j6.26p and (j5.26p . We stress that the minus sign on the right-hand side of 
this identity is due to the Lorentzian signature. It is this sign that is responsible for the relative 
sign between S^^' and S^'^' in (j6.37p . We have thus re-derived the sign change of (|6.30p for the 
special case of vanishing 6-field. Let us note that, as discussed in sec. 13.21 not all invariances of 
the original action are still present once we parametrize S in terms of the conventional fields. 
For instance, the transformation J maps, using (j6.24p . 

di^ d\ Ci,...i^ -^ &^-'^ ^ Fi,,„i^ -^ F'^-'^ . (6.39) 

Therefore, S^^' in (j6.37p is transformed without a sign change, i.e., S^^' is mapped to —S^"^' 
and so (|6.33p is not invariant. 
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We close this section with a brief discussion of intermediate frames, which we ihustrate with 
the simplest case of one T-duality inversion. Thus, we split the indices as x* = (x^,a;") and 
assume that the non-trivial derivatives are {d^,da), where '1' denotes the special direction. As 
above, we consider a field redefinition that takes the form of the T-duality inversion. 



x' 



Six = (V''+V'l)J^^(Cai...a,V''^^---V''^^+pCi,,...„^_,VVl---V''^--i)|0) 



p 
p 



5^^ (Ca,...,^V'V'^^ •••V''^'' +pCia,...a,.,r'---r''') |0) 



p p 

p 



(6.40) 



This implies that the redefined C^p^ are given in terms of the original ones by 

(J' , ^ I ^0.2. ..ap if n = 1, 12 = 02,... ,ip = ap (Q41) 



Put differently, the new p-forms are obtained from the original ones by adding or deleting the 
special index. It follows that this redefinition interchanges even and odd forms and thus changes 
the chirality of x- The field strength then reads 

0X = {rda + i^id'){ij'+iJi)x' = {i^' + i^i){r{-da)+i^'d')x' = S.^j'd'.x' , (6.42) 

where we recognized the transformed (primed) derivatives d[ = {d^,—da), recalling that the 
transformation hi in ()2.36p changes the overall sign of the coordinates x^. 

In precise analogy to ()6.30p , we can now conclude that the action in the frame with d^, da ^^ 
takes the saine form as in the frame 9* = 0, just with all field variables replaced by primed 
variables. Since the primed variables have the opposite chirality, it follows that if the theory 
reduces for 9* = to, say, type IIA, in the new frame it reduces to type IIB if gu is positive 
and to type IIB* if gu is negative. More generally, if we evaluate the theory in any frame that 
results from the 5* = frame by an 0{d, d) transformation, we obtain the corresponding T-dual 
theory. 



7 Discussion and conclusions 

In this paper we introduced a double field theory formulation for the low-energy limit of type 
II strings. T-duality relates different type II theories, a feature that does not occur in bosonic 
string theory. In the double field theory built here each of the type II theories can be obtained by 
choosing different 'slicings' within the doubled coordinates. Consistent slicings are those allowed 
by the 0{D,D) covariant strong constraint d Om = that originates from the Lq — Lq = 
constraint of closed string theory. If we consider two slicings related by an odd number of 
spacelike T-duality inversions and one yields type IIA, the other must yield type IIB. The 
double field theory necessarily features the so-called type IIA* and type IIB* theories, which 
are related to the conventional type II theories via T-dualities along timelike directions. 
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Despite this unification, the actual invariance group of the theory is only Spm~^ {D , D) and 
therefore does not contain any of the T-duality transformations that relate different type II 
theories. This means that the Pm{D,D) transformations that are not in Spin^{D,D) must 
be viewed as dualities rather than invariances. More precisely, while we fix the chirality of the 
spinor x from the outset, the opposite chirality is obtained by the field redefinition induced by 
the appropriate T-duality transformation. The situation is similar to theories that depend on 
a background but which are nevertheless background-independent in the sense that any shift 
of the background can be absorbed into a field redefinition. Just as one may then ask for a 
manifestly background independent formulation, we may now wonder if there is a formulation 
with full Pin(Z?, D) invariance. This would presumably require the introduction of a spinor 
without a chirality condition, together with an additional gauge symmetry to remove the new 
unphysical degrees of freedom. 

Further generalizations of this work are possible. It would be interesting to see if this type 
II double field theory allows for an enhancement of the global symmetry to a U-duality group, 
such that the NS-NS and RR fields transform in an irreducible representation. Results on 
reformulations of 11-dimensional supergravity may be relevant, see [M] and [221I27J . Moreover, 
exceptional groups are of particular interest since they naturally combine fundamental and 
spinor representation, and in this context the Kac-Moody algebras En p3ll35| and Eiq [361137] 
have been proposed. Being infinite-dimensional, they easily accommodate the massless fields 
of various string theories, but they also give rise to an infinite set of further representations for 
which a physical interpretation has yet to be found. 

The work here may also contain pointers for a yet to be constructed string field theory of type 
II strings. This is an outstanding problem since these remain the only string theories for which 
no string field action is known. Finally, there might be applications to generalized Kaluza-Klein 
type reductions or to the construction of T-duality invariant world-volume theories of branes. 
We leave these and other questions for future research. 
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A Duality transformations of S-u 

In this appendix we discuss the transformation behavior of 5-^ in some detail. We first give the 
general proofs of the transformation rules stated in the main text, and then give an example to 
illustrate these rules. 
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A.l GL{D) and 6-shifts 

Our goal is to determine the sign factor a appearing in the transformation of S-^ under 0{D, D), 

{S-')^SnS-' = a^^sms,^s)on- (A.l) 

We start by considering the 'geometric subgroup'. It consists of GL{D) transformations and the 
abehan subgroup Ma *^ ^ ^ of 6-shifts, which together form the semi-direct product GL{D) k 
Ra ( ~ ). We show that for this subgroup no sign factor arises: 
Theorem: Given an arbitrary Ti, for any hr G GL{D) and /15 € M2 ( ~ ) 

(JhM) = ^h,{n) = 1 . (A.2) 

We can then immediately conclude that <Th{T-L) = 1 for any h G GL{D) x ]R2-^(^~i). 

In the remainder of this subsection we will prove this theorem. We first present the proof 
for ^-shifts, and then discuss GL~^{D) and GL~{D), respectively. 

6-shifts: The 0{D,D) element which shifts b ^ b — Ab and its corresponding Spm{D,D) 
element are given by, respectively, 

hA, = (l "f ^] , Sa, = e-^^'^^r^' . (A.3) 

Then the duality transformation of S-}{ under 6-shifts can be written as 

We conclude (Th^{'H) = 1. 

GL~^{D): An arbitrary 0{D,D) element in GL^{D) and its corresponding Spin(L', D) element 
can be written as 

hr=(l, _° ,) , Sr = ^e^^^^^ , (A.5) 

\0 (r ^yj Vdetr 

with detr > 0. Under this 0{D,D) transformation, g and b transform covariantly, 

g ^- r gr , b ^ rbr . (A. 6) 

This transformation of the metric g is induced by the covariant transformation e — )■ re of the 
vielbein. The duality transformation of Sy^ under GL^{D) is then 

We first evaluate the terms in the square parentheses. We only need to evaluate the second 
parenthesis since the term in the first parenthesis is just its hermitian conjugate, 

SrSbS^^ = Sre-^^^^^^-^' S-^ = e-h^^M'-'-u'Mre) = g-^(rfer')fe,^V' = s^>,, (A.8) 

where we used 

Sr^'S-^ = VVfc* , Sr^iS^^ = V'fc(r-i)> . (A.9) 
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Thus we see that the 6-field transforms exactly as required by (|A.6p . It remains to inspect the 
fohowing term in ()A.7p 

{S-^)^Sg^S-^ = {S-^)\S-^ySkS-^S-K (A.IO) 

We write now 5*6 in terms of the oscihators as 

Se = -^=e'^'^'''f'^ , (A.ll) 

vdete 

where exp(£') = e. To simphfy the computation of (jA.lOp . it is convenient to note that with 
A = ip^Ai^ip^ we have 





[A,B] = [A,B] => e"e^ 


Thus, 




OT^Og — 


^ ^rR^'^i ^ prE,^i:j _ 



(e^e^) = re = e^°s{re) (a.12) 



p'0Mlog(''e))i^V': 



^P'(m(re,u^p, = Sre = Se' , (A.13) 



Vdetr vdete y^det (re) 

where log(re) is defined by e^°^''^'^' = re. Using this in (jA.lOp gives 

{S-^)^Sg^S-^ = S/ . (A.14) 

In total, combining this and (jA.SP we obtain 

{S-^SnS-' = sls;,'Sb' = Sn' , (A.15) 

which proves ahri'H) = 1 for hr G GL^{D). 

GL^{D): An arbitrary GL^{D) matrix and its corresponding Spin(L',Z)) element are given 
by, respectively, 

hr = il , _°nJ , Sr = (^V.-V'.V'^)^i=e'^'«'=''^', (A.16) 

VO (^ )/ \/|detr| 

with detr < 0. The index i is fixed but arbitrary; in particular, there is no sum over i. Ri^ is 
defined by 

e-^ = r+ , s.t. r = /cj r+ , (A.17) 

where ki = diag(l, • • • , —1, • • • ,1) is the diagonal matrix that has a —1 in the diagonal entry 
i and r+ G GL^{D). Under this 0{D,D) transformation, g and b transform covariantly as in 
()A.6p . We have to keep in mind, however, that in writing the metric as g = e/ce*, we require e 
be positive definite, and thus we cannot write e' = re. One way to resolve this is to define a 
positive definite e' as 

e = reki . (A.18) 

Since k = kikki, this definition of e' correctly gives g' = rek{reY = rgr*. The duality transfor- 
mation of Sy, under GL~{D) is then 

{s;^)^SnS;^ = {s;^)^sls-^Si,s;^ (A.19) 
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It is straightforward to see that, as in the case of GL~^{D), SrSbS^. ^ = Si,/. The remaining 
part is more subtle. We first compute 

{S-^ySg^S-^ = {S-'^)\S-^)^SkS;^S-^ (A.20) 

Here we used Sk = {ip^ipi — tpiip^) Sk {'4'^ipi — ipi'4'^), which can be straightforwardly verified both 
for the case that i is equal to the timelike direction and for the case that it is different from the 
timelike direction. This guarantees that the proof is independent of the particular factorization 
in fOT]) . Since 

i^%-^i^')i;^i;%-^Piij') = i^\hy , {i;%-4;ii;')ij,{xlj%-iJixlj') = ^i{h),' , (A.21) 

we obtain as in ()A.13P 

SrM^'i^i - ^itl;') = {^% - tl^jtl;') ^^] e^'^">^' -jL= e^'""^'^^ {tl;% - V'iV') 

y|detr| vdete 

= (VVi - i;,i;^)—=l==e^''^'°^^'-^-'>^^'^^ (VVi - i'ii^') (A.22) 

V|det(re)| 

>'(fcOi''(log(r+e))p'J^„(fc,) 



^W (f'i)r{^Og(r+e))p-'Prn{lii)q _ g 



V|det(re)| 
Summarizing, we have shown 

(Sr yS-uSj. = Sf^, Sg, Sb' = Sn' , (A. 23) 

which proves (Th^{J-L) = 1 for hr G GL^{D). 

A. 2 T-dualities 

We turn now to the sign factors in (lA.ip for factorized T-dualities. Using the shorthand notation 
(Ti(7i) = ahiiJ-L), we will prove that Uiil-L) = 1 if the ith direction is spacelike and aiiJ-L) = —1 
if this direction is timelike. 

We start by establishing a simple lemma that allows to distinguish elements of the geometric 
subgroup just discussed from genuine T-duality transformations. 



Lemma 1: An 0{D, D) matrix of the form 



; : • <^-^^' 



where * stands for nonzero blocks, is an element of GL{D) k R2 ( > and can be written as 
the product of a GL{D) element and an element of M2 ^ ^ > . 

Proof: The group properties of 0{D, D) imply for a general matrix of the form ()A.24p 

h = \ =^ d = {a~ ) , a~ h antisymmetric . (A. 25) 
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Then the matrix takes the form 



(a-i)* ) - U (a-i)* ) I 1 , 



(A.26) 



proving the claim. 

Let us now assume that 

iSr^)^SnSr^ = ai{n)Sh,oH- (A.27) 

Using Si = S^ = Sj, this can also be written as 

SiSnS^ = ai{n)Sh,oH- (A.28) 

Letting h denote an 0{D,D) transformation, the above equation implies that 

SiShouSi = cFi{hoT-L)Sh,hoH- (A.29) 

We want to determine the equivalence class of /i G 0{D,D) satisfying ai{h oT-i) = (J-iiJ-L). A 
sufficient condition is given by the following lemma: 

Lemma 2: If /i G GL{D) x M^^(^-i) and hihhi£ GL{D) ix M^^(^-i), then 

a^{ho'H) = ai{'H). (A.30) 

Proof: We write 

K = hihhi G GL{D) X M^^^^-i) , (A.31) 

and note that 

Sh^ = ±S,ShS^. (A.32) 

Since h G GL{D) x M5-D(^-i)^ 

iS^')^SnS^' = +Sh,H- (A.33) 

We calculate the left-hand side of ()A.29p . using ()A.33P in the first step, 

SiSfiouSi = Si{s^ y Sy^ s^ Si 

= Si {S;;')^Si {Si Sn Si) Si 5^1 Si (A.34) 

= {{Si Sh S.yy {ai{n) Sh.o'H) {Si Sh SiY^ , 
where we made use of (jA.SOp . Making use of ()A.32p . 

SiShonSi = ai{n){S^l) Sh.oH S^l = cri{'H) Sh,h,on , (A.35) 

since K G GL{D) x R5^(^~i). We now note that using (JXST]) 

h^hi oTi = hihhihi oTi = hihoT-i ^ (A. 36) 
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and therefore we have obtained, 

SiShouSi = ai{T-L) Sh^hoH ■ (A. 37) 

Comparing with (IA.29P we conclude that (IA.30P is true, as we wanted to prove. 

As a first application we show that 5-shifts satisfy the conditions of Lemma 2. Indeed, 
taking h = hfy for some arbitrary D x D matrix b, a small computation confirms that 

/., h h = f ' + ^'' "^ + ''^ + ^''1 e GL{D) X M^^(^-^) . (A.38) 

y l + Cih J 

It then follows that 

ai{hon)=ai{n). (A.39) 

Since at any point X the b field in Ti can be removed completely by a 6-shift, the sign aiiT-L) is 
in fact a function (Ti{g) of the metric only: 

^i{n) = a,{g) . (A.40) 

In order to determine now (Ti{g), we use GL(D) transformations that bring the metric into 
a simpler form. There is an important complication, however: for arbitrary r G GL{D) it is 
not generally true that hihr-hi is in GL{D) >< M2^(^~^), and thus Lemma 2 cannot be generally 
applied. For the Lemma to be applicable, the lower left block of the matrix hihyhi must vanish. 
A small calculation shows that this requires 

— ejr(l — Cj) — (1 — ei){r~'^) Cj = {i not summed) . (A. 41) 

Using CiAci = AiiCi for any matrix j4, and CiCi = e^, we can rewrite the above condition as 

- e,(r - ruei) - {{r~Y - ((r-i)^),,e,)ei = . (A.42) 

Consider the condition that the first term vanishes: 

e^{r - mei) = Q . (A.43) 

This requires the i-th row of r to vanish, except for the diagonal element ru that can be 
arbitrary. Without loss of generality, and to display more easily the matrices, let us take i = 1. 
The condition then gives 

ei(r-riiei) = -;> r = r^, = \ ^ , (A.44) 

yv r J 

letting r^ denote the solution of this constraint. We decomposed the matrix r^, into a 1 x 1 
corner block with element ru, a (D — 1) column vector V, the vanishing (D — 1) row vector, 
and the (D — 1) x (D — 1) invertible matrix f. A small calculation shows that 

\—r V /rii r j 
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This shows that (r^ ^) has a vanishing first column, except for its diagonal element, which 
implies that 

{{r-Y-{{r-Y)iiei)ei = 0. (A.46) 

Thus for r^ the second term in ()A.42p vanishes as well. This shows that for r^ as in ()A.44p . we 
have hihr^hi G GL{D) x M2 ^ ~ \ and the conditions of Lemma 2 apply. We thus have 

<7i(5) = 0-1 ( hr^o g) = ai [g^] , with g^ = r^gr'^ . (A.47) 

Let us compute the rotated metric assuming a block decomposition for g: 

A small calculation gives 

/ nigiini rii{guV + fA)'^ 

g^ = r,grl= ^ ^ I . (A.49) 

\m(5'iiV' + fA ) (511^ + fA)V'^ + VA'^f'^ + fgf'^ 



Choosing 



we find 



ni = ^=, V = -—fA, (A.50) 





911 J 

By the general result on diagonalization of quadratic forms, we can choose f in such a way that 
the lower-right block becomes a diagonal matrix with entries equal to plus or minus ones. 



k diagonal with =b 1 entries. (A. 52) 



By Sylvester's theorem of inertia, the matrix g^, has a single —1 entry. Thus either gn is 
negative and g^, = k, with k the Minkowski metric, or gn > and g^, = ki, for some i ^ 1. In 
either case we know how to determine the sign factor: 

0-1 (5) = 0-1(5'^) = sgn(srii) . (A. 53) 

Since our choice of the first coordinate was just irrelevant, this holds for a factorized T-duality 
about any coordinate. Our final result is therefore 

ai{n) = sgnigu) . (A.54) 

Equivalently, ctj = 1 for a T-duality along a coordinate direction x* that is space-like, and 
o"i = — 1 for a T-duality along a coordinate direction that is timelike. 

In order to use ()A.54p for the successive application of several T-dualities, we have to keep 
in mind that each action of hi transforms the full metric gij non-trivially and therefore the full 
sign factor cannot be inferred from the signs of the diagonal entries of the initial metric gij. 
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For the special case of the transformation J, i.e., T-duahties along all coordinates, however, we 
can show that aj(7i) = —1 as follows. 

Under the 0{D,D) transformation J, 7i transforms as 

n' = JnJ. (A.55) 

We define h = h^^hf, and rewrite Ti and Ti' as 

n = h^-Hoh , n' = h-^-Hoih-^ . (A.56) 

With the corresponding spin representative Sh = S^^Sb of h we then have, by definition. 



Using that SJ = Sj we have 

{S J yS-uSj = SjSf^SnoShSj = (Sh)^ ShSjSf^ St-Io ^hSjSf^{SfJ~ 
J is an invariant matrix, hJh = J, and thus in Pin(Z), D) we have 

ShSjSl = ±Sj. 
We can thus simplify (|A.58p 



(A.57) 



(A.58) 



(A.59) 



(A.60) 



^t 



where we used SjSy_gSj = —S-^^ in the second equality and (IA.57P for the last equality. We 
have thus shown that cjj{l-L) = —1. 



A. 3 Example 

Next, we present an instructive example concerning the above rules of sign factors. We con- 
struct a closed loop in the space of T-L in SO^{D, D) that cannot be lifted to a closed loop in 
Spin- {D,D). 

Consider for D = 2 the one-parameter family of SO^{D, D) transformations parameterized 
by a: 



h{a) = exp[aT] , aG [O, 



VTn 



where T is the Lie algebra generator 



T 



rplA i rp~i2 I rp32 _> rp34: 



[01 1\ 
-10-10 
1 1 
V-1 -1 o/ 



and T are the standard fundamental generators ()2.5p . A computation gives: 



h{a) 



I cos^ a 2 sin 2a —sin a 2 sin 2a \ 
"2 sin 2a cos^ a — 2 sin 2a — sin^ a 
— sin^ a 2 sin 2a cos^ a 2 sin 2a 



y— I sin 2a sin^ a —5 sin 2a 
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cos^ a 



(A.61) 



(A.62) 



(A.63) 



Since T* = — T, we have /i(q)* = h{a)~^. For later use we also note that ()A.6ip can be defined 
for arbitrary a, which then has the periodicity h{a) = h{a + 7r). This family of transformations 
was designed so that for a = tt/2 we get the product of the two T-dualities hi and /12: 



hm 



( ° 





-1 


0\ 











-1 


-1 











V 


-1 





0/ 



h^ h 



l"-2 



(A.64) 



Consider now the 'flat' generalized metric 1-Lq = d\a,g{k^k) G SO {D,D). The SO^{D,D) 
transformations h{a) acting on this generalized metric give us a family of rotated metrics, 



n{a) = ih{a)-ynoh{a)-^ 
A computation of the matrix product gives 



h{a)T-lo h{a) 



-1 



(A.65) 



j — cos^2a ^ sin 4a sin^ 2a 



n(a) 



■ sm 



4a \ 



^ sin 4a cos^ 2a 



sin^ 2a 



1 



sin 4a 



J sin 4a — sin^ 2a 
cos^ 2a ^ sin 4a 



(A.66) 



y 2 si^ 4a — sin^ 2a 2 sin 4a cos^ 2a / 



As it turns out, the transformation /11/12 leaves Hq invariant, thus 7^(a) traces a closed curve 
as a G [0,7r/2]: 

n{0)=n{^)='Ho. (A.67) 

For general a, the metric and b field read off from 7i = Ti,, are 



dijioi) 



— 1 tan 2a 
tan 2a 1 



bij{a) 



tan 2a 

tan 2a 



(A.68) 





/o 





1 


0\ 


ni) = 




1 










-1 






\o 


-1 





0/ 



For a = J both the metric and the b field components become infinite, even though the 
generalized metric is still perfectly regular: 



(A.69) 



At this singular point we expect that our explicit formula for S-}{ is affected by some kind of 
'phase transition'. 

Next we turn to the study of the corresponding elements in Spm{D,D). Since h{a) is in 
the component of the group connected to the identity, its spinor representative follows directly 
from (|X62]) . 

1 



S{a) - 
Recalhng that F*^^ 
f 



S, 



h(a) 



exp [ a f ] , f 



^12 



■pi4 _|_ -piz I -r^oZ I -p 



32 



-.34 



i(pAfpiV _ pArpM) ^^^ ^Yiat r^^ = ^/2 (V^i, ■02, V'\ V'^) we infer 



(A.70) 



(A.71) 
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As f ^ = — 1, we get in closed form 

S{a) = cosQ • 1 + sina • r . (A. 72) 

We can now investigate its action on the spinor representative for T-Lq, which we choose to be 

Sno = V'Vi - i^ii^' , (A.73) 

where we denoted the timehke direction by 1. We then define 

Suia) = iSia)-')^SnoSiar\ (A.74) 

such that S'-^(O) = 5-^^. Taking the p homomorphism of (|A.74p we conclude that S%{a)^ so 
defined, is 

Suia) = ±%„). (A.75) 

Since the plus sign holds for a = and both sides appear to be defined by continuous defor- 
mations, it is puzzling that the sign becomes minus at some point. This is what we want to 
understand. 

The explicit calculation of ()A.74p gives with ()A.72p 

5^(a) = cos(2a) V'Vi-V'iV'^ - tan(2a)(V'^ -V'i)(V'^ + V'2) • (A.76) 

Recalling that 'H{^) = Tio, we observe that 

5«(f) = -(VVi-V'iV'') = -SHo = -Sn(^)- (A.77) 

We have gotten now a minus sign in (|A.75p . Alternatively, while a G [0, 7r/2] gives a closed 
loop for T-L{a) it gives an open loop for S'^i{a). The aim of the following discussion is to see 
how this minus sign arises. 

We should compare S-}{{a) with the family 5-^(q,), which can be defined independently as: 

Suia) = Sl^a) ^g{a) ^b{a) , with 5^^^^ = (^e(i))^ ^fc ^e(i) • (A.78) 

In this definition one must extract g{a) and b{a) from ^{{a) and use g{a) to define a vielbein 
e{a) from g{a) = e(a)fce(a)*. The potential difficulty here is the possibility that divergent g's 
can lead to discontinuous e's and thus a discontinuous definition of 5*-^. 

We begin the calculation by computing the vielbein using g = eke^ and the metric from 
()A.68p . The vielbein is not unique, but one representative is 

, , /|sec2a| tan 2a \ ,, ^ , 

e{a) = ( 1 1 • (A-79) 

Next, we need a matrix E such that e = exp(£'): 

fu v\ ,^, /e" f(e"-l)\ f\sec2a\ tan2Q\ ,. , 
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We then compute 

The exponential can be worked out exphcitly, giving 

S-^ = \/d^(l-e-"(e"-l))(V'Vi+wu"W2)) • (A.82) 

Therefore, using (lA.SOp we find 

5e"^ = |sec2a|^/^fl-|cos2a|r(|sec2a| -l)?/^Vi + tan2aVV2l) • (A.83) 



We then obtain for the metric 

Sg^ = I sec2a| ( cos^ 2a'0"^V'i ~ V'lV'"'^ ~ sin2acos2a(v^"'^'02 + V'^V'i) + sin^ 2a V'^V'iV'^'02 ) • 

(A.84) 

The 6-field contributions are given by 

Sf, = e-^''^^^'^' = 1 - ^laV'V^ , (A.85) 

while all higher terms vanish in D = 2. Using (|A.68p . 

Sb = 1- tan(2a) ip'^ V^ , ^1 = 1- tan(2a) V'2 ipi ■ (A.86) 

After some further calculation we get 



Sn(a) = I cos(2a)|(V'Vi - ^iV'') - !!;o" sin(2a)(V'^ - V'i)(V'' + ^2) 
= sgn(cos(2a)) 5-^(a) , 



cos(2q)| 
cos(2a) 



(A.87) 



where sgn denotes the sign of its argument, and we compared with ()A.76p . This result is 
perfectly consistent with the sign change found in (|A.77p . For small values of q > 0, the sign 
is positive and so this agrees with ()A.75P using the + sign. At a = ^, 5^(q,) is discontinuous. 
For a > J, ()A.75P holds for the minus sign, as it should be in order to be consistent with the 
final relative sign at a = ^. 

Let us finally reconsider the above analysis in a different approach. Specifically, since we 
saw above that the sign change occurs at a singular point for which g degenerates and 5-^ 
becomes ill-defined, it is natural to inquire what happens if one employs a definition that only 
requires Ti to be regular, but not necessarily decomposable into hg and hf,. Such a definition 
can indeed be given by separating T-l{a) into two pieces: 

n{a) = noCHonia)) = -Honia) , (A.88) 

where T-Lq is an 0{D, D) element disconnected from the identity while % is an 0{D, D) element 
connected to the identity. Thus, % can be written in exponential form. Indeed, with the explicit 
forms ()A.63P and ()A.66P one can verify 

n{a) = exp[-2ar] . (A.89) 
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Therefore, its spinor representative can also be defined as an exponential which, after choosing 
5-^Q, gives a spinor representative for 7i{a) according to (jA.SSp . 

At first sight, this leads to a well-defined and smooth spinor representative for all a. There 
is a subtlety, however, which is due to the following periodicity of Ti, 

n{a) = n{-^ + a) , (A.90) 

following analogously to the periodicity of h{a) noted after ()A.63p . Consequently, given an 
?^(a), there is no unique parameter value a that reproduces this generalized metric according 
to (1A.89|) . and therefore there is no unique spinor representative of Ti. More precisely, if we 
attempt to define the exponential form of S-f, by replacing T by T in ()A.89p , there are actually 
two choices, 

exp [ — 2a r] 

exp [(-2a + vr) f ] 



^(„) = { ^^"L r:^_... ■ (A.91) 



Since, using ()A.72p . exp[7rr] = —1, these two choices differ precisely by a sign. This has the 
consequence that there is no continuos and single- valued way to choose the spin representative 
over the complete path of 1-L{a). In fact, since the path is closed, single- valuedness requires 
^iiio) ~ '^'H(-) ~ ■'■• This, in turn, can only be achieved if we choose in ()A.9ip the first 
parametrization of S-vj for a = and the second parametrization for a = ^. Thus, at some 
point in the interval (0, ^) we need to change the parametrization, leading to a non-continuous 
S^ and Su- (In the previous approach, this point was at a = ^.) Thus, we conclude that while 
in this approach the 'point of discontinuity' can be chosen arbitrarily in the interval (0, ^), the 
associated sign change as in (jA.TTh is unavoidable. 
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